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8.06.1 Introduction example that the Reynolds number is not always the
8.06.1.1 What Is Turbulence? best measure of the occurrence of turbulence. As

Turbulence is fluid motion that is chaotic in time and
space. It is characterized by vortices and eddies on
many scales. Fluid motions that are not turbulent are
said to be laminar. It is difficult to define turbulence
more precisely, as it takes many forms depending on
circumstances. The classic definition of turbulence,
arising in engineering and applied to flow in or
around smooth bodies, is that instability of laminar
motion which occurs when the Reynolds number
exceeds approximately 2300. However, it is not
unreasonable to characterize flow in Earth’s mantle,
for example, as turbulent, even though it occurs at a
Reynolds number of order 10, It is clear from this

explained below, it is not an appropriate measure
for Earth’s core; more appropriate measures of tur-
bulence in Earth’s core are the Lorentz and magnetic
Reynolds numbers, quantifying the effects of rotation
and the magnetic field.

8.06.1.2 Why Does Turbulence Occur?

One reason why turbulence occurs can be under-
stood with reference to the momentum equation for
an incompressible fluid:

O0u/0r+ (wV)u= —-VII+F [1]
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188 Turbulence and Small-Scale Dynamics in the Core

where u is the fluid velocity, II is the dynamic pres-
sure, and F represents the forces per unit mass acting
on the fluid. In classic Newtonian fluid dynamics,
only the viscous force due to molecular viscosity
contributes to F:

F=F,, =vVu 2]

where v is the kinematic viscosity. The ratio of
inertial to viscous forces is quantified by the
Reynolds number

R.= ULJv 3]

where Uis a typical speed of fluid motion and L is a
typical lengthscale. (If the flow structure of interest is
characterized by several lengths, L is normally the
smallest of these.) When the viscous force is small in
comparison with inertial effects, the Reynolds num-
ber is large. Setting F = 0 and assuming the flow to be
steady, the momentum equation [1] simplifies to

(wV)u = —VII [4]

This equation describes a special balance; the inertial
term on the left-hand side is a full vector, with three
scalar degrees of freedom, whereas the pressure
term on the right is a gradient, having only one. If
the balance described by [4] prevails, a large-scale
steady laminar flow is possible. However, when this
balance is perturbed by a velocity field of arbitrary
structure, the inertial force can no longer be balanced
by the pressure gradient. With F negligibly small, a
steady force balance is not possible; the unsteady
term in [1] must make up the difference. But this
implies that the flow becomes unsteady, that is,
unstable, leading to turbulence. The time-derivative
term generates smaller scales of motion, and even-
tually scales are produced having R. = O(1), and F,,
restores the balance. In this example, the cascade of
energy to smaller scales is driven by the nonlinear
inertia term.

Classic homogeneous isotropic turbulence is
described by equation [1] with F given by [2],
together with the equation of conservation of mass:

Vau=0 [5]

Its behavior is characterized by a single parameter, the
Reynolds number, given by [3].This problem has been
the subject of countless studies, and much of our intui-
ton regarding turbulence is based on this problem.
This is somewhat unfortunate in the present context,
as turbulence in Earth’s core bears little resemblance to

classic homogeneous turbulence, and it is doubtful that
fundamental concepts of homogeneity (independence
of position), isotropy (independence of direction), and
an inertial range (in which kinetic energy cascades,
without dissipative loss, to progressively smaller spa-
tial scales) apply to core turbulence. As explained in
the following subsection, the forces affecting flow in
the core are such that core motions and turbulence
are both nonhomogeneous and anisotropic. In
particular, whereas there are no preferred directions
in isotropic turbulence, at least three are relevant to
the dynamics of Earth’s core. The existence of an
inertial range relies on the dominant force balance
in the momentum equation involving only conserva-
tive forces. As we shall see, this is not the case in
Earth’s core; the Lorentz force is dominant and
dissipative.

8.06.1.3 Forces and Fluxes Affecting Core
Turbulence

Turbulent motions take differing forms and have
differing mathematical representations depending
on the forces contributing to F. Those relevant to
Earth’s fluid outer core include the Coriolis force, the
Lorentz force, and buoyancy forces, due both to
the ambient (background) stratification and to local
density differences between plumes and their sur-
roundings. (In this chapter, ‘plume’ means a small-
scale parcel of buoyant material.)

Additionally the form of turbulence depends
on the nature of the forcing for fluid motion. In
general, motions are driven by movement of bound-
aries (forced convection) or by internal density
differences (natural convection), with the former
common in engineering and the latter in geophysics
and astrophysics. This distinction is not sharp; in
some circumstances, natural convection leads to
large-scale flows (e.g., the Jet Stream in the atmo-
sphere and the Gulf Stream in the ocean) which can
be unstable and lead to turbulent motions that are
similar to those driven by forced convection.

Motions in Earth’s fluid outer core are due
ultimately to radioactive heating and secular cooling.
More specifically, motions are driven by sources of
buoyancy at the inner core boundary (ICB) and
core—mantle boundary (CMB); in the absence of
these forcings, conduction of heat would cause the
core fluid to evolve to a thermally stably stratified
state. The sources at the ICB include buoyant
material segregated into the outer core by the pro-
gressive solidification and growth of the inner core,
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latent heat released by that solidification process, and
heat sources (secular cooling, Ohmic heating, and
possibly radioactivity) arising within the inner core.
The sources at the CMB are much less certain. It is
not known with any certainty whether or how much
material is being transferred between the core and
mantle. Such transfers will be ignored in what fol-
lows. Thermal buoyancy capable of driving
convection is generated at the CMB only if the rate
of transfer of heat from core to mantle exceeds the
rate that heat is conducted down the adiabat in the
outer core.

8.06.1.4 Features of Core Turbulence

While relatively few definitive statements can be
made about core turbulence, there are two that
appear to be undisputable:

® Turbulence in the core is anisotropic.
® There is no inertial range, in which transfers of
kinetic energy between scales occurs without loss.

Anisotropy of fluid motions is due to the combined
action of the Coriolis and Lorentz forces. Together,
they act to inhibit fluid motions perpendicular to the
plane defined by Q and B, resulting in so-called
pancake-shaped flow structures, elongated in that
plane. Since the Lorentz force is dominant, it is an
important factor in the transfer of kinetic energy
between spatial scales of motion; since that force is
dissipative, the transfer involves loss of kinetic
energy (Moffatt, 1967, 1978; Davidson, 2000; see
Section 8.06.4). While core turbulence has some simi-
larities to geostrophic flows (which are strongly
affected by the conservative Coriolis force; e.g., see
Charney, 1971; Rhines, 1979; Pedlosky, 1987,
Cambon et 4l., 1997; Cambon, 2001), the absence of
an inertial range in core turbulence makes the two
types of flows quite distinct.

8.06.1.5 Dynamic Regions in the Outer
Core

The entire outer core is close to a well-mixed state,
with composition and specific entropy nearly con-
stant, independent of position (these variables change
slowly with time). The small, spatially dependent
deviations from this state are dynamically important
and are the main focus of studies of core structure
and dynamics, including the geodynamo problem. As
a result of these deviations, there may exist as many
as three dynamic regions in the outer core: a plume

Stable region

Core—mantle
boundary

Well-mixed
region

Plume
region

Inner core
boundary

Figure 1 A cut-away view of the core, showing a plume
region at the bottom of the outer core, a well-mixed region in
the interior, and a stable region at the top. The radial extent
of these regions is uncertain. The stable region may be well
mixed by penetrative convective motions.

region at the bottom, a ‘well-mixed’ region in the
middle, and a stable region at the top, as illustrated
in Figure 1.

8.06.1.5.1 The plume region

The buoyancy released at the ICB due to solidifica-
tion of the inner core creates very vigorous
convection in the outer core (see [26] and discussion
following).  High-Rayleigh-number
motions that are driven by a source of buoyancy at

convective

a boundary invariably consist of narrow rapid flows
away from the boundary and slow, broad flows
toward that boundary. The narrow, rapid motions
upward from the ICB are likely to be small-scale
plumes (ie., elongated and flattened pancake-shaped
structures). It follows that, near the bottom of the
outer core, the area fraction, £, occupied by upwelling
fluid is likely to be quite small; see Figure 2.

The plume region is characterized by the number,
n, of plumes touching a given spherical surface
located a distance » from Earth’s center and the frac-
tion, f, of area on that surface which they occupy.
Both fand 7 are likely to be functions of » The
evolution of f and 7~ with height above the ICB
depends on the tendencies of plumes to entrain mate-
rial, to merge, or to break up. Constraints on these
variations are quantified in Section 8.06.5.2.
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Figure 2 A cartoon of the plume region at the bottom of
the outer core, showing upwelling plumes and descending
flow occupying area fractions on spherical surfaces of
magnitude f and 1 - f, respectively, separated by the dark
hatched line. The magnitude of f increases with radial
distance from the center of the Earth and the top of the
plume region is characterized by f being about 1/2. The
upwelling and descending parts are shown separately for
clarity; in reality, these are intermingled.

Close to the ICB, fis almost certainly very small
(reflecting the general property of vigorous convec-
ton described previously). Where f<1, it is
reasonable to model plumes in isolation or to con-
sider only two-plume interactions. The structure and
scaling of the plume region are quantified in Sections
8.06.4 and 8.06.5.

8.06.1.5.2 The well-mixed interior region
It is likely that in the bulk of the outer core convective
motions are turbulent, with buoyant and dense plumes
of fluid ascending and descending, all the while inter-
acting vigorously. The motions are strongly affected
by Coriolis and Lorentz forces and, as in the plume
region, very likely are pancake-shaped (Braginsky and
Meytlis, 1990); see Section 8.06.4. Nearly all para-
metrizations of core turbulence are focused on this
region. Current approaches to parametrization are
summarized in Section 8.06.7.

8.06.1.5.3 A stable region beneath

the CMB?

It 1s possible that fluxes of heat or composition tend
to make the region at the top of the outer core
dynamically stable. If the flux of heat to the mantle
is less than that conducted down the adiabat, the
excess heat will tend to produce a stabilizing thermal
gradient near the top of the outer core. Similarly an

upward flux of light material, either due to pressure
diffusion or the upwelling of compositionally buoy-
ant plumes, may tend to create a stabilizing
compositional gradient near the top of the outer
core (Braginsky, 1999).

Even if the fluxes of heat and composition tend to
produce stabilizing gradients at the top of the outer
core, penetrative convective motions originating in
the convectively unstable interior of the outer core
may maintain a well-mixed state all the way to the
CMB. Further, it is likely that the strength of the heat
transferred to the mantle varies with location on the
CMB, so that the stable region is confined to ‘patches’
at the top of the outer core where the heat flow from
core to mantle is relatively small.

If a stable layer does exist, it is incapable of sig-
nificant dynamo action, which requires vigorous
radial motion. Consequently it has received rela-
tively little attention and will not be considered
further in this chapter.

8.06.2 Governing Equations

It is likely that convective motions in the outer core
are driven by density differences of both thermal and
compositional origin. As will be seen below, these
density differences are very small perturbations on
a reference state that is hydrostatic, adiabatic (having
uniform specific entropy), and well mixed (having
uniform composition).

Following Braginsky and Roberts (1995), thermo-
dynamic variables in the outer core will be expressed
as the sum of a reference-state portion, denoted by
subscript ‘a’, plus a small convective portion, denoted
by a subscript ‘c’. (The velocity, having no reference-
state portion, is written without subscript.) The myr-
1ad of variables introduced in this chapter are
summarized in Table 1.

8.06.2.1 Reference State

The reference state satisfies the equations of state
pCNVT,=aT,Vp, and KsVp,=p,Vp, plus the
hydrostatic and well-mixed equations Vp, = —p.g,
and V¢, =0, where T'is temperature, p pressure, p
density, a coefficient of thermal expansion, C, spe-
cific heat at constant pressure, Ks adiabatic
incompressibility, and ¢ mass fraction of light consti-
tuent (called the composition in the following). Note
that the Gruneisen parameter, v=aks/p,C, is
dimensionless and of unit order in the outer core.
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Table 1 Notation and definition of symbols
Dimensions and
Symbol Name magnitude
a,b,c Components of the dimensionless perturbation magnetic field (Section 8.06.4
only); see [32]
Ap Dimensionless horizontal area of a plume; see [45]
B Magnetic field vector Wb m—2
Bo Large-scale magnetic field vector Wb m~2
By Typical magnitude of the magnetic field ~3x10°Wbm™
c Mass fraction of light constituent
Ca Rate of increase of light material in the outer core; see [11] and [77] ~9x 1072057 "
C Co-density
c Scaled co-density; see [34]
c Time rate of change of co-density; see [72] ~5x 100"
Co Typical magnitude of co-density See [60]
C, Specific heat at constant pressure Jkg 'K
Cre Effective specific heat of outer core ~1700Jkg ' K~'
C, Mass averaged specific heat ~800Jkg TK™!
Cyr Effective specific heat for gravitational energy; see [85] ~300Jkg TK™
Cin Effective specific heat for latent heat; see [86] ~600Jkg "K'
D Material diffusivity ~7x10%m2s™!
f Fraction of area occupied by plumes See [59]
Fs Divergence of flux of specific entropy W K™!
Fc Divergence of flux of composition ~3x10721 s
F Body force N
F, Body force due to viscosity N
F,m Body force due to molecular viscosity N
g2 Gravity vector in the reference state ms2
g Mass-average magnitude of gravity in the outer core =8.56ms ™2
g Acceleration of gravity ms2
G Smoothing operator; see [76]
h Depth or distance m
J Buoyancy flux m*s™3
Jiob Buoyancy flux at the base of the outer core ~{15 > 125} m*s~2
Js Buoyancy flux due to composition m*s™®
k Thermal conductivity ~28Wm 'K
Ks Adiabatic incompressibility N m™2
L Typical length scale; also see [30] See [62]
Ly Latent heat of fusion Jkg™
m Mass kg
M Mass within radius r kg
M. Mass of core =1.94 x10** kg
Mo Mass of inner core =9.84 x 10%? kg
Moo Mass of outer core =1.84 x 10** kg
M Convective mass flux kgs™!
Mg Rate of growth of inner-core mass ~3.5x10%kgs™’
n Number of plumes on a spherical surface See [58]
Ng Number of plumes threading a line of force
N Brunt Vaisala frequency s
Pa Pressure in the reference state N m~2
P Scaled dynamic pressure; see [33] w
P Power due to compositional convection w
q Heat source per unit mass W kg™’
g* Sum of internal heat sources; see [14] W kg™
God Specific rate of Ohmic decay W kg™’
Qrd Specific rate of radioactive heating w kg*1
Q Heat flux from core W
Qcq Heat flux down the adiabat W

(Continued)
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Table 1 (Continued)

Dimensions and

Symbol Name magnitude
Qic Heat from inner core w
Qn Heat released by solidification w
Qon Ohmic heating w
Qg Heat released by radioactive decay W
Qsc Heat flux due to secular cooling w
r Radial position m
r Radius m
r Mass-averaged radius 2.76 x 10°m
s Specific entropy Jkg KT
Sa Time rate of change of specific entropy in the reference state; see [12] Wkg "K'
5, Sources of specific entropy; see [13] ~-3.7x107"®Wkg~' K~'
t Time S
T Temperature K
T Mean temperature in outer core ~ 4350 K
u Fluid velocity ms™’
a Smoothed velocity; see [76] ms™’
u, v, w Plume velocity components; see [31] ms~'
U Typical speed based on Coriolis force; see [18] ms™’
Uy Typical speed of plumes; see [44] See [61]
Vie Inner-core volume =7.6x10"®m?
Vo Volume flux of plume material ~4x10°m3s"
Vie Rate of growth of inner-core volume m3s~!
w Speed of downwelling ms™’
X Coordinate direction normal to the plane of B and Q m
Xod Dimensionless Ohmic heating Qoq 10712 W
Xrg Dimensionless radioactive heating Qq10 2w
X7 Dimensionless rate of cooling ~ [dT/df]3 x 10" s K"
y Third Cartesian coordinate m
z Coordinate aligned with Q m
«@ Coefficient of thermal expansion K1
Qs Entropic expansion coefficient; = aTC, ~7x10°KkgJ™"
5 Dimensionless distance along a field line; see [41]
r See [87]
6 Fractional jump in density due to change in composition across the inner-core ~ ~0.05
boundary
AC, Jump in composition at the ICB; see [78]
Nem Magnetic diffusivity ~2m?s!
0 Colatitude radian
K Thermal diffusivity; = k/pC,, m? s
i Mass-averaged thermal diffusivity ~3x10°m2s~!
A Angle between B and Q; see [32] radian
m Chemical potential Jkg™
i Chemical potential gradient ~4.4x10" Jkg™
Jorn Magnetic permeability =47 x 107" Wb%s2 m kg™’
&, C Plume coordinates; see [35]
I Dynamic pressure Nm2
1) Local longitude radian
Pa Density of the reference state kgm™
D Mass-averaged density of the reference state =1.09 x 10*kgm 2
Dic Mass-averaged density of inner core kgm™
T dimensionless time; see [35]
Tic Age of the inner core s
Toc Mean turnover time of the outer core s
v Kinematic viscosity ~5x107"m?s™!
v Mean gravitational potential of outer core ~10"Jkg™’
Q Rotation vector s

(Continued)
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Table 1 (Continued)
Dimensions and

Symbol Name magnitude
Q Rotation rate =7.29x107%s~"
ICB Inner-core boundary
CMB Core-mantle boundary
Subscript Adiabatic reference state

o
Subscript Convective perturbation

o’
E Ekman number [21]
Re Reynolds number [3]
A Lorentz number [19]
Ro Rossby number [20]
Rm Magnetic Reynolds number [22]
R, Rayleigh number [26]
Sch Schmidt number [28]
P, Prandtl number [29]

Magnitudes preceded by = are reasonably well known, and typically have two significant digits; magnitudes preceded by ~ are accurate to
about one significant digit (or a bit less); magnitudes preceded by ~ are rough approximations, with likely errors of 100%, and possibly
more. A range of values is denoted by two numbers in curly brackets, separated by an arrow.

An additional dimensionless parameter is the Gruneisen parameter v (aKs/paCr).

Much of our information of core structure and com-
position comes from teleseismic measurements of the

speed of sound, \/Ks/ p,.

8.06.2.2 Convective Equations

The equations governing convective motions in the
outer core are (see Chapter 8.05)

0u/0r + (wV)u+2Q xu= -VII+ Cg,
+ (BV)B/paMm + Fv [6]

V:(pau) =0 7]
0B/or + (u-V)B = (B-V)u—V x (7.V x B)  [8]

V-B=0 9]
C=—ose—ce (10]
3¢ /ot + (uV)e = —F.—¢, (1]
and
05 /0t + (0V)se = —F—iy + iy (12]

where u is the fluid velocity, Q rotation vector, II
dynamic pressure, g, reference-state gravity, C co-
density, B magnetic field vector, F, viscous force, zi,,
magnetic permeability, 7, magnetic diffusivity,
a,=(aT/C,), entropic expansion coefficient, £,
divergence of flux of composition, ¢, =d¢,/dr tem-
poral rate of increase of light material in the outer
core (due to the growth of the inner core), s specific

entropy (entropy per unit mass), F; divergence of flux
of specific entropy, §,=ds,/ds temporal rate of
increase of specific entropy in the reference state, and

Sy :%/Ta [13]

represents the specific-entropy source due to heat
sources (per unit mass) arising from radioactive
decay, ¢4, Ohmic dissipation, ¢,4, and conduction
of heat down the adiabat:

Jx = qrd + Jod + (k/pa)vz Ta [14]

with £ being (molecular) thermal conductivity. Note
that C is defined to be negative in buoyant plumes
and that conduction of heat is a sink rather than a
source of heat.

According to Roberts and Glatzmaier (2000), ¢,
~9x107 s and i, ~—37x107"°W kg™' K.
It is esumated in Appendix 1 thats,=(2.6xq +
265, — 7.5)x 107" W kg™' K~' where the rates of
total heating (Q= [¢dm) in the core due to radio-
activity and Ohmic decay have been quantified by
Xpd 10" W and x,;, 10" W, respectively.

By using the variables II and C, several complica-
tions (involving the perturbations of density by
pressure and gravity by density) have been side-
stepped, although not ignored. Two advantages of
using specific entropy rather than temperature in the
density equation of state [10], are that the reference
state has uniform specific entropy and that ay 1s more
nearly constant across the outer core than is the
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thermal expansion coefficient, o [(C)ich/(Cts)emb = 0.78
while ;,/@emp = 0.57]. Using data from Stacey and
Davis (2004), a,~ {83,6.5} x 107 KkgJ™' at the
{top, bottom} of the outer core.

In the case that only molecular processes act, F, is

given by [2],
ko= - D[V V- (pibg, /)] it
and
Fo=—k(V'T.)/p T, [16]

where D is material diffusivity, 6 =0pu/0p, i =0u/
Oc, and p is the chemical potential difference between
the two constituents (with core material being mod-
eled as a binary alloy of metal and nonmetal; see
Loper and Roberts, 1981).

For molten iron alloys near the melting poin,
D=7 x 10 "m’*s™" (Chalmers, 1964; Poirier, 1988),
while Loper and Roberts (1981) estimated that a plau-
sible range for p,0 is between 1 and 2.5 and that
fi~44 x 10" Jkg™". The magnitude of V¢ is difficult
to estimate, but it is likely not to exceed that of the
second term in the square bracket on the right-hand side
of [15]; that second term is dominated by the divergence
of gravity. Altogether, F. ~ 3 x 107" s~ this is negli-
gibly small compared with ¢,, which has been estimated
following [14]. The value of thermal conductivity in the
outer core is somewhat uncertain. Stacey and Anderson
(2001) estimated £ to vary from 46W m ~' K" at the
CMB to 63W m 'K~ just above the ICB. However,
Stacey (personal communication, 2005) now prefers a
value #=28Wm ' K with litle variaton with
depth. The magnitude of VT, is also difficult to esti-
mate, but for any reasonable estimates, Fy < i,

To a good approximation oy may be treated as a
constant and £ and £ neglected. Now eqns [11] and
[12] may be combined to yield an evolution equation
for the co-density:

0C/ot+ (w'V)C = agliy— ] + 6 [17]

Taking a,~ 7 x 107" K kg] " and using previous esti-
mates, the forcing term on the right-hand side of [17] is
roughly [12—1.8 (xq + %on)] X 107%™ ! where x4 and
Xon, were introduced in the discussion following [14].

The unparametrized form of the governing
equations contain four molecular diffusivities, for
momentum (v), material (D), heat (k= £/pC,), and
magnetic flux (7,,). While v, D, and x are small and
thus appear to require parametrization, 7, is suffi-
ciently large that parametrization is neither needed
nor desirable.

8.06.3 Parameters and Scaling

In this section, the dimensionless parameters asso-
ciated with the governing equations are presented
and discussed, beginning in Section 8.06.3.1 with
those arising in the momentum and magnetic-diffu-
sion equations and concluding in Section 8.06.3.2
with those arising in the equations governing varia-
tion of composition and entropy.

8.06.3.1 Momentum and Magnetic
Diffusion Equations

As noted in Section 8.06.1.4, the force balances in [6]
are far different from those in the traditional form of
the momentum equation, [1]. Whereas the dominant
balance in [1] is between pressure and inertia with
the viscous force typically being small, the dominant
balance in [6] appears to involve Coriolis, Lorentz,
pressure, and buoyancy forces, with inertia and
viscosity being small, although possibly not negligi-
ble. By custom for rapidly rotating systems, the
Coriolis force is used as the reference force, against
which other forces are measured. Most of these com-
parisons are quantified by dimensionless parameters,
considered below. The exceptions are the pressure
and buoyancy forces, which, when compared with
the Coriolis force, yield scales for the dynamic
pressure and velocity. The pressure scale is not of
interest, while the characteristic velocity, U, is
normally given by

where Q=||Q||=729x 107" 57!, g=856ms * is
the mass-averaged magnitude of gravity in the outer
core, and Cj is a characteristic amplitude of C. (Here
and below, an overbar denotes an average (of a vari-
able but well-determined quantity) within the outer
core, while a subscript ‘0’ denotes a typical or char-
acteristic value (of a quantity of somewhat uncertain
magnitude). Also, an equal sign implies accuracy to
roughly two significant digits, ~ implies one signifi-
cant digit (or a bit less), and ~ implies likely errors of
100% or possibly more.) The velocity deduced from
secular variation of the geomagnetic field (e.g., see
figure 4.1 of Merrill er al, 1996), 0.38° yr ' ~7 x
107" ms™', is produced by this scaling with
Co~12x107% Tt is shown in Section 8.06.4 that
the rise speed of small-scale plumes can be greater
than indicated by this velocity scale.



Turbulence and Small-Scale Dynamics in the Core 195

The Lorentz, inertial, and (molecular) viscous
forces are quantified by the Elsasser, Rossby, and
Ekman numbers, respectively:

A= B} /i P292 (19]
R,=U/20L [20]

and
E=v/2QI* [21]

where By 1s a typical magnitude of the magnetic field
in the outer core and p is the mean density. In addi-
tion, an important measure of dynamo action is the
magnetic Reynolds number:

Rn= UL/ [22]

which quantifies the relative importance of induction
and Ohmic dissipation. In the core 1, =2 m’s™"; this
parameter is invariably treated as a constant.

For large-scale motions in the core, £is very small
and A is roughly of unit order; A=1 if By =
Viokmp2S2 = 2 x 107°Wb m™2. One  physical
interpretation of the Elsasser number is that it is the
ratio of the Joule damping time, nmumﬁ/BS, to the
period of rotation of Earth, 27€). A unit-order
Elsasser number implies a large Lorentz force, cap-
able of damping flow structures (such as free vortices)
on timescales of the order of 1 day. This illustrates
one difficulty in maintaining the dynamo; if the mag-
netic field is to be maintained efficiently, it must be
configured so that this damping is not strong. It is
likely that the Elsasser number in the core is large;
see Section 8.06.5.3.

While the magnitudes of dimensionless numbers
are illustrative of the relevant force balances, they do
not tell the entre story. In addition to magnitude,
forces have three other relevant attributes: conserva-
tive /dissipative /source, linear/nonlinear, and degrees
of freedom. Conservative forces, such as inertia,
Coriolis, and pressure, redistribute kinetic energy but
do not degrade it to heat. Dissipative forces, such as
Lorentz (coupled with finite electrical resistivity) and

viscous, act to dissipate kinetic energy. The buoyancy
force acts as a source of kinetic energy, counterbalan-
cing dissipation. A force is nonlinear if it involves a
dependent variable more than once (e.g., inertia) or if
it involves a dependent variable that is governed by a
nonlinear equation (Lorentz, buoyancy). Degrees of
freedom refers to the structure of a force vector. The
forces that have three degrees of freedom and are fully
three-dimensional (3-D) are inertia and (molecular)
viscous. The Coriolis and Lorentz forces involve cross
products which constrain them to have two degrees of
freedom. Buoyancy acts in a fixed direction and so has
one degree of freedom. Pressure, being the gradient of
a scalar, also has only one degree of freedom. These
properties are summarized in Table 2. Note that the
viscous term is the only dissipative force having three
degrees of freedom.

The limitation in the degrees of freedom of the
Coriolis force results in the well-known Taylor—
Proudman Theorem:

(QV)u=0 [23]

This constraint is valid only at dominant order and
only if the Coriolis force i1s much larger than the
Lorentz force (i.e., if A < 1). By the same token, the
limitation in the degrees of freedom of the Lorentz
force (in the case that A>>1) impresses a similar
structure on the velocity, but now with invariance
in the direction of B rather than Q. These two con-
straints, taken together, imply that fluid motions in
Earth’s outer core are pancake shaped (Braginsky and
Meytlis, 1990; see Section 8.06.4).

As seen in Table 2, the momentum equation con-
tains three nonlinear terms, representing the Lorentz,
inertial, and buoyancy forces. The buoyancy force 1s
nonlinear by virtue of the advection term in [17]; this
is a primary source of nonlinearity in the mathematical
problem governing convective motions in the outer
core. The noninertial force is proportional to the
Rossby number, defined by [20], and is small for
flows which are sufficiently rapid or of sufficiently
large scale that R, << 1. It is shown in Section 8.06.4

Table 2 Summary of forces in outer-core dynamics

Force Dominant or secondary Conservative, dissipative, or source Linear or nonlinear Degrees of freedom
Coriolis Dominant Conservative Linear 2

Lorentz Dominant Dissipative Nonlinear 2

Pressure  Dominant Conservative Linear 1

Buoyancy Dominant Source Nonlinear 1

Inertia Secondary Conservative Nonlinear 3

Viscous Secondary Dissipative Linear 3
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that the inertial force is likely to be important in the
dynamics of buoyant plumes and that the Lorentz
force and accompanying magnetic diffusion equation
may be linearized when considering buoyant plumes
having small spatial and/or velocity scales such that
R, < A. In this limit, at dominant order in powers of
R..,, equations [6] and [8] may be expressed as

Ou/0r+ (uwV)u+2Q xu= —-VII+ Cg,
+ (Bo'V)B/papim + Fy
(24]

and, with constant magnetic diffusivity,
(Bo'V)u = —1,V’B [25]

where By is the large-scale magnetc field (to
be treated as a constant). Buoyancy is a source of
kinetic energy, through convective instability, only if
the density distribution is favorable (e.g, heavy fluid
above light). The tendency for, and strength of, con-
vective instability is quantified by the Rayleigh
number which, in the present case, is of the form

R, = Cogh’ |V [26]

where £ is the appropriate (thermal or compositional)
mass-averaged molecular diffusivity and 4 is a vertical
distance. Instability occurs when denser fluid underlies
lighter and R, exceeds a critical value of roughly 1000.
Typically R, is very large in the outer core. For exam-
ple, with & =£/pC, and using p=1.09 x 10* kg m
and C, ~ 800] kg~ 'K ! (Stacey and Davis, 2004) plus
k=28Wm ' K~' (F. Stacey, personal communica-
tion, 2005), K~ 3 x 10 °m?s ! If the outer core
(h~2.2x 10°m) has a heavy-over-light co-density
contrast of, say, C, ~ 10" with v~ 5x 10" 'm’s ™,
g~856 ms 7, then R, ~ 6 x 10, indicating extreme
convective instability. With compositional diffusivity,
the Rayleigh number is even larger. On the other hand,
if the outer core had a light-over-heavy co-density
contrast, the Brunt Viisild frequency would be

N =/2C/b [27]

With previous estimates, N~6 x 107 % s~ a2 yr .

(Note that this estimate is for illustration only; it is
not suggested here that the bulk of the outer core is
stratified.)

8.06.3.2 Composition and Specific Entropy

Equations [11] and [12] with the diffusive forms of
the flux divergences [15] and [16], when nondimen-
sionalized, yield two dimensionless parameters

quantifying the relative strengths of advection and
diffusion: the Schmidt and Peclet numbers are

Sen = UL/D 28]

and

P, = ULJR 29]

8.06.4 Scaling and Structure of
Plumes

A dominant factor in structure of plumes in the outer
core 1s the constraint imposed by rotation, quantified
by [23] in the limit that buoyancy and Lorentz forces
are negligibly small. If A > O(1), this constraint is
modified by the action of the Lorentz force in such a
way that convective motions are facilitated. For
example, the critical Rayleigh number for thermal
convection in a rapidly rotating fluid decreases as the
effect of the magnetic field increases (Chandrasekhar,
1961).

It is generally believed that the dynamo is in
the strong-field regime (Roberts er al, 2003; see
Chapter 8.08), characterized by A > 1 in the bulk
of the core. This suggests that, by adopting a suitable
size and shape, the rise speed of plumes can exceed
the magnitude predicted by [18]. On the other hand,
the rise speed is limited by the condition that the
Rossby number not exceed unity; only flows having a
duration less than 1 day can have a large Rossby
number. That is, the maximum characteristic rise
speed is 2€2L, where L is the thickness (i.e., smallest
linear dimension) of the plume. In order that the
characteristic speed of form [18] (with the mean
value of gravity replaced by the local value) not
exceed this maximum, the characteristic lengthscale
must satisfy L > Cog/4€Q°. Detailed scaling of plume
flow (presented below) reveals that L exceeds this
lower bound in proportion to the Elsasser number;
that is,

CQgA
L=
407

[30]

Adopting this scaling, the velocity, magnetic field,
and buoyancy may be expressed as (H. Shimizu,
private communication, 2006)

u = Uluk + Avy + Awz] [31]
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and
. . . R {1, 0
B = By[sin(\)y + cos(A)z] + BOK {Xﬂx + by + cz} [32]
G
A’
1= 20 P [33]
C=(C [34]

where x 1s a coordinate direction normal to the plane
of B and Q, z is aligned with the rotation axis (see
Figure 3), C, is the magnitude of the buoyancy, and
U is given by [18] with the mean magnitude of
gravity replaced by the local value. The coordinates
and time may be nondimensionalized as

b

It may be seen from [32] that the perturbation mag-
netic field is small provided that R,, < A. Assuming
this condition to be satisfied, the governing equations
are, at dominant order in powers of AT

1
{x7 IR t} = {[457 LA?% [’A<> EAT

—v+ or_ =0 [36]
v %
Do or . ~ . 0b
— + u+— o + sin(f)sin(¢)C = sm()\)@ [37]
Dw OP . Oc
+a—<+ cos(9)C = sm()\)a—< [38]
o o0, 00 _ .
o oy o
and
—sin(A ) {u v, wh = ~2 {a, b, ¢} [40]
Q=02
A B
\ 0
\\e\/—
y
X |
g9

Figure 3 A depiction of the relative orientation of rotation,
magnetic field and gravity vectors, and associated angles.

where 6 is colatitude, ¢ is local longitude, and

o 0

o5 oy
1s a derivative in the direction of the large-scale
magnetic field.

Equations [36]—[40], together with a suitably non-
dimensionalized version of [17], constitute a set of
eight equations for eight unknowns: 4, 4, ¢, u, v, w, P,
and C. The forcing function for this set of homoge-
neous equations is in the initial or boundary
condition for C. Energy is provided to the flow by
the buoyancy terms C in [37] and [38] and is dis-
sipated by the Lorentz terms in the same equations.

cos(A) &
sin(A) 0¢

[41]

Although the aspect ratio of plumes governed by
this set of equations is the same as that proposed by
Braginsky and Meytlis (1990), there are some differ-
ences between the two approaches. Whereas Braginsky
and Meytlis conceived of transient plumes arising from
an unstable background state and dissipating before
reaching a fully nonlinear state, the above equations
govern possibly stable plumes surrounded by core fluid
that is otherwise convectively stable.

In the absence of any instability, steady source of
buoyancy at the ICB would produce a plume of
indefinite length. However, it is likely that any such
plume is unstable (e.g, see Eltayeb and Loper, 1997;
Classen ez al.,, 1999; Eltayeb er al., 2005), leading to the
production of a sequence of plumes governed by the
equations presented above. It is not known at the
present time whether such plumes are stable struc-
tures or are prone to further instability, but the
scaling presented in the following section suggests
that they are unstable.

8.06.5 Dynamics of the Plume Region

This section considers the dynamics of an ensemble of
plumes within the plume region near the base of the
outer core. This region is characterized by narrow,
relatively isolated (having area fraction f< 1) regions
of rapid upwelling (plumes) embedded in a broad
region of downward flow. Due to the secular evolution
of composition and entropy in the outer core, the
descending fluid is stably stratified. Thus the structure
of the plume region is similar to that encountered in
the box-filling mode (Turner, 1975). The magnitudes
and fluxes within the buoyant plumes are quantified in
Section 8.06.5.1 and the dynamic stratification of the
downwelling regions is quantified in Section 8.06.5.2.
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8.06.5.1 Plume Flux

Dynamics of plumes may be cast in terms of the
buoyancy flux, 7

7 = Cogly [42]
where total upward volume flux of plume material is

Vo ~amrt Upf = Ay Uy 43]
In this expression, 7 is the number of plumes which

occupy an area fraction f of a spherical surface a
distance r from Earth’s center,

U, = Gogh /29 [44]
and 4, is the horizontal area of a single plume:

L*A
P cos(0)

Note that U, =AU, with U given by [18] with g
replaced by g and U, =2QL with L given by [30].

If a steady plume were to rise through fluid that is
neutrally buoyant, its buoyancy flux would be con-
stant, independent of height, in spite of entrainment
of ambient fluid.

Equations [42]—[45], together with [30], may be
combined to yield expressions for C;, U, and L in
terms of 7 and other factors. The most uncertain of the
other factors are fand 7. Since these are related to Zby

(4]

nh* 7 = 12877 r* Q3 cos(0)f? [46]

where an overbar denotes an average, the expressions
for Co, U,, and L may take a number of forms. For

/1
EC* [47]

A
?L* [48]

example, elimination of # yields

c 1|1 o7

vl

DAL T

LPN\/;ZV sy’
Al 1 |7 A

Alternately, elimination of f (setting cos(f) = 1/2)
yields

and

[50]

i~ 2] " 5]

and

L [52]

17
~5 %]
Although the factors fand 7 are poorly known and
quite variable, they do have firm limits: /< 1 and 7 > 1.
A slightly more stringent limit applies to f on the
assumption that in the well-mixed region upwelling
and downwelling plumes occupy similar areas, /< 1/2.
These imply the following limits:

16m 74 N 53]
771\2 >n> 5
1 A 7
->f> L 5
2 2/ = 1677200 \/; [54
1 Q 295/4 1/4
LY o BETT [55]
g\ gA
1 [7A 1/4
< U <
e < L (@) 56
and
1 A 1/4
A <7 [57]

4r V= 7 T 204

These scaling expressions are local (not involving
radial derivatives) and thus are valid for plumes rising
through surroundings that are not neutrally buoyant.
However, 7 is not independent of radius (ie., distance
from the center of Earth) in that case.

In estimates [53]—[57], the left-hand limits apply
to the well-mixed region (with f=1/2), with right-
hand limits possibly approached in the plume region,
where f< 1. A plausible range of values for the buoy-
ancy flux at the base of the outer core is
Fip~15—125m*s™ (see [94] and discussion fol-
lowing). For purposes of illustration, consider
F~50m*s ™. An estimate for A comes from dynamo
modeling; a plausible range of the typical magnetic
field obtained by numerical simulations (Glatzmaier,
personal communication, 2006) is between 0.01 and
0.05 Wb m ~?, giving a plausible range 25 < A < 626.
For purpose of illustration let By=0.03 Wb m 7,
which yields A =225. Near the base of the outer
core, r=1.3 x 10° m and g=45m s~% while in the
interior, the mean values are appropriate:
7=2.76x10° m and g=856 m s °. With these
numerical values, [53]-[57] become

7x 10" >n>1 [58]
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05>f>3x%x10"° [59]
9.6x10 "< (¢ <35%x10°*° [60]
1.3x10 'ms ' < U, <0.25ms™! [61]
and
8.7m < L < 1700m [62]

It is likely that #becomes small near the top of the
outer core, in which case the above numerical esti-
mates need to be modified appropriately. Further, the
plume scaling does not apply within a stable region
near the top of the outer core (if such a region exists).
In particular, note that the velocity limits in [61]
cannot be directly compared with the velocity esti-
mated from secular variation because the value of 7
employed above is not representative of conditions
near the top of the outer core.

Within the plume region near the base of the
outer core, the fact that number of plumes is propor-
tional to the square of f suggests two things. Firs,
within the plume region, plumes are few in number,
large, and vigorous. Second, as the plumes rise, they
become more numerous, smaller, and weaker. This
implies that the plumes are unstable, breaking up as
they rise.

8.06.5.2 Relative Magnitudes of Forces
and Fluxes

With these scalings, the relative magnitude of the
viscous force is quantified by the Ekman number,
written as

_16mrQy
7
and the magnitude of the perturbation magnetic field

produced by an individual plume, relative to the
applied field, 1s

f~0.02f [63]

Ry 7 1.2x10°°
A 1672, f f

[64]

The numerical estimates are suitable for the middle

of the outer core. The appearance of the factor A in

the denominator on the left-hand side of [64] is due

to the fact that for plumes the relative magnitude of

advection relative to diffusion is given by

(wV) 29[ 24X 10°° 1651
Z A 7

It follows that the Schmidt and Prandtl numbers for
plume flow are
7 3400

Sop =~ 66
" l6rr?OIDf T f [66]

and

7 8

Pr =T, - 67
16772 QPRf f [67]

The numerical estimates in [63], [64], [66], and [67]
employ the molecular values of viscosity and mag-
netic diffusivity; see the table of notation. It is clear
that molecular viscosity, thermal diffusion, and mate-
rial diffusion are small for all possible values of f
while magnetic induction in a single plume may
become appreciable if £ < 1.2 x 107°. (Recall that
the equations presented in Section 8.06.4 are valid
only if magnetic induction is negligible.)

8.06.5.3 Plume Dynamo Action

It is not known whether individual small-scale buoy-
ant plumes contribute positively to dynamo action.
Assuming that they do, the combined and cumulative
effect of an ensemble of small-scale buoyant plumes
on the dynamo process is unknown, but it has the
potential to be important. In fact, it was found in
Section 8.06.5.2 that the effective magnetic
Reynolds number of individual plumes may be of
unit order provided < 1.2 x 107", If the dynamo
action of individual plumes were additive, the total
effect would be quantified by #gR,,/A, where g is
the number of plumes threaded by a given line
of force. Given that the lateral extent of individual
plumes is of order L and assuming that they occupy
a fraction fof a given line of force having length A,
it follows that »#g=fh/L. Using this, [49] and [64]

give
Rn b 2mf7
AT {47rﬂnm} VoA [68]

With previous numerical estimates, this equation
predicts the potential for significant dynamo action
if /9\/]7 > 8 X 10° m. Again it should be emphasized
that these quantitative estimates, and the assumption
of additive dynamo effect, are very uncertain.
However, since f < 1 by definition, it appears that
plumes can provide significant dynamo action only if
the extent of a given line of force is larger than
the depth of the core. This can be the case; in the
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strong-field limit, the field is dominated by a strong
toroidal field which is predominantly aligned in the
zonal direction.

8.06.5.4 Stratification in Downwelling
Regions

Due to the secular evolution of the outer core,
successive layers of fluid descending toward the
ICB are progressively more buoyant, making the
core in such regions stably stratified. The structure
of plumes near the bottom of the outer core is likely
to be affected by this stratification, which is quanti-
fied in this subsection.

Local stratification is typically quantified by the
Brunt—Viisild frequency of the form

N=\/g|dC/dr | [69]

Near the base of the outer core, g &= g, while the
vertical gradient of co-density, using [10], is

dc dse  de

i [70]
(The derivative of « 1s assumed small.) At the ICB,
a,x65x107° KkgJ .

Assuming that the descending motion is locally
steady and vertical and writing u = — W't, where I is
a unit vector pointing upward and using [11]
(with F,=0) and [12] (with £, =0), [70] becomes

dc/dr=C/w [71]
where

C= Qs — Qldy— 6y = [1.724 + 1.720, — 11.5] X 10720 !
(72]

and the numerical estimates following [14] have been
used. It 1s unlikely that the rate of heating due to
radioactivity or Ohmic dissipation is sufficiently
large to make this gradient positive. Assuming, for
example, that xq + %o, ~ 3 (ie, the rate of internal
heating due to radioactive decay and Ohmic heating
is 3% 10" W), C~5x 107 %", By conservation of
volume, in the limit that f<< 1, the speed of down-
welling is given by

W= 2QLf ~\/2f Llr\/g

~ V2fA4x10ms™! (73]

where [48] has been used. Using A =225, W ~ /2f
6 x 10~*ms~! . Combining [71] and [73] gives

dc 1 4r 7§} [74]
e ape 22
dr  \/2fA 7

and, recalling that dC/d» and C are negative, the
Brunt—Viisild frequency due to compositional stra-
tification is

dc T 07

This translates to an oscillation period of (f A)'/*

0.32 years or, if A =225, f'/* 0.25 years. Further, if /
were to achieve the smallest value quoted in the
paragraph following [54], the period of oscillation
would be about 5 days. While the magnitudes of
these estimates are somewhat uncertain, they demon-
strate that a significant degree of stratification is
theoretically possible, and that strength of stratifica-
tion increases as f decreases; that is, the stratification
of descending material becomes progressively stron-
ger as it approaches the ICB.

8.06.6 Cascades and Transfers of
Energy in Core Turbulence

Perhaps the greatest difference between classic tur-
bulence and turbulence in Earth’s core is in the
cascade of energy. In classic turbulence, kinetic
energy is fed in at large scales and it cascades through
the so-called inertial range to smaller scales, until
viscous dissipation transforms it to heat. In contrast,
in the core, the cascade process involves the Lorentz
force which is dissipative at all scales. That is, there is
nothing like an inertial range in which energy is
transferred without loss. In particular, Siso-Nadal
and Davidson (2004) have shown that the structure
of a vortex in a homogeneous rotating hydromagnetic
fluid evolves rapidly (on a scale of days) to a shape
that minimizes the effects of the Coriolis and Lorentz
forces. It is very likely that flows driven by buoyancy
will have this same general characteristic of minimiz-
ing these forces. A likely shape is one flattened in the
plane of Q and B, this is the pancake shape identified
by Braginsky and Meytlis (1990; see Section 8.06.4).

The existence of the inertial range also relies on
an input of kinetic energy at the largest scales of
motion, often by mechanical means, such as forced
convection. If instead the energy of fluid motion 1s
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supplied by buoyancy forces (as is the case for most
geophysical flows), the situation may be quite differ-
ent. In order to generate large-scale structures, there
must be a significant and reasonably efficient cascade
of energy up the spatial scale. This is known to occur
in the atmosphere and oceans due to the constraint
imposed by the Coriolis force, coupled with the
extreme aspect ratio of the fluid bodies (having
depth much smaller than lateral extent; eg., see
Starr, 1968). It is not clear whether a similar process
will act in the outer core, which is subject to the
action of the Lorentz force and which is a deep fluid.
Given that the dynamo has a limited energy supply
(see Chapter 8.02), it 1s apparent that the dynamo must
avoid flows and structures that dissipate energy
strongly on small scales. One way to accomplish this
is to have the energy fed in at the largest dynamically
possible scale, with virtually no cascade of energy to
smaller scales. Another is to have the small-scale flow
structures configured in a way to minimize Ohmic
dissipation. At this point, our knowledge of the
dynamics of small-scale flow structures is inadequate
to determine which, if either, alternative is preferred.

8.06.7 Approaches to
Parametrization of Turbulence

Numerical simulations of convection and dynamo
action applicable to Earth’s core are forced to operate
in regions of parameter space far removed from core
conditions. There are two reasons for this: limitations
of speed and storage in current computers and the
need for numerical stability. A good review of these
limitations is given by Glatzmaier (2002). The first of
these limitations will be with us for a very long time,
while the second can be remedied by the advent of
better numerical schemes.

Given the wide disparity in scales between the
observed magnetic field (~10°m) and dissipation of
kinetic energy by molecular viscosity (<1 m), it is
clear that some sort of parametrization of the smaller
scales 1s necessary in numerical simulations of core
dynamics and the dynamo process. Less clear are the
processes to be parametrized and the proper form of
the parametrizations. For example, scalar dissipative
parametrizations are poor approximations to noniso-
tropic and nondiffusive processes.

8.06.7.1 The Need for Parametrization

The full set of governing equations consist of four
evolution equations plus a diagnostic equation to be

solved for two vectors (velocity and magnetic field)
and three scalars (pressure, composition, and
entropy). The molecular form of these equations
contain four diffusivities: 7, v, k, and D. However,
the relatively large value of magnetic diffusivity per-
mits the Lorentz force and the equation for the
magnetic field to be linearized for small-scale flows,
effectively obviating the need for parametrization.
That leaves fluxes of momentum, material, and heat
to be parametrized.

Consider first the momentum equation, [24], and
the need to parametrize viscous momentum flux.
The magnitude of molecular viscosity is very small,
so that parametrization appears inevitable. However,
it first must be determined whether parametrization
is necessary. With current numerical models, para-
metrization of the viscous force is necessary to
achieve numerical stability. However, there are
numerical schemes on the horizon (such as WENO,;
see Jiang and Wu, 1999) that are numerically con-
vergent with very small viscosity. Once such schemes
are adopted, this requirement will disappear.

The question to be addressed now is whether, and
under what circumstances, the viscous force is impor-
tant and must be parametrized in numerical
simulations. Viscosity is well known to be important
in thin layers, such as the Ekman and Stewartson
layers. Current numerical simulations explicitly
resolve the Ekman layer, and this imposes a signifi-
cant constraint on the choice of grid spacing and
magnitude of viscosity. This limitation could be
removed by the use of Ekman—Hartmann compat-
ibility conditions; see Loper (1970). Further, when
hydromagnetic effects are present, they dominate the
Stewartson-layer structure, making the viscous force
irrelevant; see Hollerbach (1996). In sum, there
appears to be no need to parametrize small-scale
viscous structures such as boundary layers.

What is rather less well known is the role of the
viscous force in determining large-scale structure in
flows driven by buoyancy forces, as is the case in
Earth’s core. Shimizu and Loper (1997) showed
that, no matter how small the molecular viscosity,
the viscous force is important in determining the
scale of rotating hydromagnetic flow structures dri-
ven by buoyancy. This importance may be
understood by realizing that both the Coriolis and
Lorentz forces are anisotropic and provide no con-
straint on the shearing structure of flows that lie in
the plane of Q and B; the viscous force must provide
that constraint. The extent of the flow structures
which involve viscosity is quite large, and may not
be realized in the outer core, which is of finite size.
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The parametrized form of turbulent diffusion
of entropy and material should mirror the structure
of the That is, the
effective diffusivities should be anisotropic, having a
structure such as that proposed by Braginsky and
Meytis (1990), as described in the following
subsection.

relevant fluid motions.

8.06.7.2 Diffusive Parametrizations

The simplest form of parametrization is that dictated
by molecular processes, using greatly enhanced
coefficients, often called eddy diffusivides. “All
models of the geodynamo crudely approximate. ..
turbulent transport as a simple, isotropic, homoge-
neous, diffusive process modeled after molecular
diffusion but with an enhanced ‘turbulent diffusivity’.”
(Glatzmater, 2002). This approach has been surpris-
ingly successful, producing earth-like dynamos in
However, these
dynamos require a large amount of power — more
than the Earth is likely to be able to supply.
The diffusive coefticients in current 3-D
numerical simulations are sufficiently large that the
resolved scales of motion are stable and the flow fields
are in fact laminar. Glatzmaier (2005) has noted
that turbulent motions are likely to be significantly
different than laminar, so it is important to reduce
the diffusivities and run 3-D models in the turbulent

numerical simulations. simulated

used

regime.

A variant on the eddy diffusivity approach is to
use hyperdiffusivities, in which the magnitude of the
diffusion coefficient increases as the lengthscale
decreases. This has the advantage of reducing the
amount of dissipation at larger scales, while provid-
ing numerical stability. The utility of this approach
has been summarized by Glatzmaier (2002).

The influence of Coriolis and Lorentz forces is
nonisotropic and a better parametrization will corre-
spondingly entail nonisotropic (tensorial) eddy
diffusivities. A heursitic model has been proposed
by Braginsky and Meytlis (1990; summarized in
appendix C of Braginsky and Roberts, 1995). In this
model, the scalar viscosity is replaced by a tensor
with principal axes locally aligned with Q and B
such that the in-plane viscosity is of the same magni-
tude as magnetic diffusion (i.e, on the order of
1m”s™"), while that normal to the plane is smaller
by a factor 10", The parametrizations of diffusion of
heat and material are the same as for viscosity.

8.06.7.3 Alternative Parametrizations

A fundamental shortcoming of all diffusive
parametrizations is their inability to simulating non-
diffusive processes that alter the scale and structure
of flow and field. As a result, diffusive parametriza-
tions tend to overpredict dissipation of magnetic and
kinetic energy and misrepresent the dynamical struc-
tures. Several approaches have been suggested to
circumvent this limitation, including the similarity
and alpha models. Common features of these models
are a smoothing operation and a closure assumption.

The similarity model is based on a premise and an
assumption. The premise is that the dominant sub-
grid scales are those just below the resolution of the
large-eddy simulation (LES) at hand. The assump-
tion 18 that the structure of largest unresolved scales
is similar to that of the smallest resolved scales. The
development of the similar model entails the appli-
cation of a series of smoothing operations of the form

i(r, 1) = / G(r—r")u(r’, r)dr’ [76]

where the smoothing operator, G, is typically
Gaussian in form. Closure is achieved by assuming
that the fluctuations to be parametrized are similar in
form to those of the smallest resolved scales. Initial
implementation of this method appeared promising;
it clearly outperforms eddy-diffusive models (Buffett,
2003). However, recent results indicate that this
method is of limited utility; its ability to accurately
predict the structure of the subgrid processes seems
to decrease fairly rapidly with scale separation.

The alpha model employs smoothing of small-scale
fluctuations on a Lagrangian trajectory, with the result
expressed in the usual Eulerian framework. The
smoothing process can be cast in the form of [76]. The
parameter alpha, which gives the method its name, is a
lengthscale separating large-scale, active motions from
small-scale passive motions. The formulation is closed,
for example, by using Taylor’s hypothesis of ‘frozen-in’
turbulence. For details, see Holm (2002). Like the simi-
larity model, the alpha model is much in its infancy and
it has yet to be demonstrated that it is capable of resol-
ving small-scale structures accurately.

8.06.8 Unresolved Issues and
Future Directions

The goal of numerical simulations of core dynamics
and the geodynamo is to operate in parameter
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regimes where the results are relevant to Earth’s core.
Initial results with crude parametrizations, involving
large eddy diffusivities, have been very promising,
but these results are for parameters far from ‘Earth
like’. In order to make progress, a combination of
advances needs to be made, including the use of
larger and faster machines, the use of better
algorithms (such as WENO, that do not need
dissipation for numerical stability), and the use of
better parametrizations of small-scale structures
near boundaries (such as the Ekman or Ekman-—
Hartmann layer) and in the interior of the core (asso-
ciated with turbulence and energy cascades).

Bigger and faster machines will be developed at a
fairly predictable pace, but given the disparity
between currently resolved scales and the smallest
dynamic scales in the core, there is little hope of
solving the geodynamo completely by direct numer-
ical simulation (i.e., by brute force). Major advances
can be made fairly quickly and economically by
adopting new numerical schemes that do not need
large dissipations for numerical stability, and para-
metrizations that obviate the need to resolve viscous
boundary layers. However, the problem of para-
metrizing the unresolved scales will remain for
some time to come.

Regarding turbulence and energy cascades, rela-
tvely little is known of ‘mesoscale’ dynamics, on
scales having small magnetic Reynolds, Ekman,
Peclet, and Schmidt numbers. Key questions that
remain to be resolved include:

® On what scale i1s energy fed into convective
motions by buoyancy forces?

® [s there a significant cascade of mechanical
energy to larger spatial scales?

® With a linearized momentum equation, how does
the energy cascade occur?

® On what scales is mechanical energy degraded to
heat?

® Are there configurations of flow and field for
which energy losses during cascade are small?

® Does the core adopt these loss-minimization
structures?

® What is the
geodynamo?

® [s viscosity important in determining core flow
structures or energy dissipation?

energy requirement of the

Once answers to these questions have been obtained,
then dynamically consistent parametrizations may be
devised and implemented.

Appendix 1: Core Evolution and
Buoyancy Flux

This appendix contains essential background mate-
rial for the main body of the chapter quantifying the
evolution of the composition and entropy in the
outer core. First the secular evolution of composition
and specific entropy in the outer core are quantified.
Sources of specific entropy are quantified next.
Finally, the sources are combined to quantify the
buoyancy flux.

Evolution of Composition

It follows from conservation of the heavy and light
constituents of the core that the rate of evolution of
the composition of the outer core is given by

by = OMie/ Moe [77]

where ¢ is the fractional jump in density due to change
of composition across the ICB, M, 1s the mass of the
outer core, and M. = dM;./dz is the rate of growth of
the solid inner core. A reasonable estimate based on
eigenfrequencies of normal modes of Earth oscillation,
is 6~ 0.05 (Masters and Gubbins, 2003). The magni-
tude of M;. is uncertain and somewhat controversial,
but there is little doubt that the inner core is growing,
and that ¢, > 0. The estimate ¢,~9 x 1072 7! by
Roberts and Glatzmaier (2000) corresponds to a growth
rate M;. = 3.5 x 10° kg s~ ! if the inner core grew at this
constant rate, its age would be 0.9 Ga.

The secular change of the reference-state compo-
sition acts as a volumetric sink of buoyant material
within the outer core in eqn [11] governing the con-
vective perturbation, ¢.. A counterbalancing source is
provided at the ICB by the solidification process. A
fluid parcel gains light material as it passes close to
the ICB (or as it penetrates the uppermost layers of
the mushy inner core), with the change given by

(Ace)ig= 6Mi€/(M)icb = 6aToc [78]

where M is the convective mass flux (being a func-
tion of radius), (M), is that flux evaluated at the
ICB, and 7, = MOC/(M)iCb is the mean turnover time
of the outer core.

Written in terms of the buoyancy flux, [78] is

(Fe)ir= 0le/PliyMic  Ogien Vic [79]

where 7.= ¢c.gl” is the buoyancy flux due to compo-
sition, Vic = M;/pic is the rate of growth of the
volume of the inner core, and pi.(Xpis) is the
mean density of the inner core. The rate of growth
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of the inner core is somewhat uncertain; one way to
parametrize it 1S to write Vie= Vie/Tie, Where Vi
(=7.6 x 10" m’) is the current volume of the inner
core and 7;. would be the age of the inner core if its
volume had increased at a constant rate. Estimates of
Tic vary from about 0.5 to 40 Ga (T,.~1.6 —
13 % 10165), giving (Ze)iep = 13 — 105 m*s™?. This is
a relatively modest buoyancy flux; black smokers and
other sources of buoyancy in the ocean typically have
far greater magnitudes.

Assuming that there are no significant sources or
sinks of material at the CMB, the variation of this
buoyancy flux with radius in the outer core is given

by
7c = (-7C)icb [Mc - M]/Moc [80]

where M(7) is the mass within a sphere of radius »and
Mc(~1.94 x 10**/kg) is the mass of the core. The
buoyancy flux is related to the power, P, released
by the rearrangement of matter in the outer core:

Temb
P = Fopdr [81]
Hich
Using data in Stacey and Davis (2004), plus the est-
mated range of 7;. given above, P.~ 0.24 — 1.9 X 10"
W. This power is sufficient to drive the dynamo in
the strong-field regime (Roberts er 4/ (2003) and
see Chapter 8.02), even in the absence of a contribution
from the specific entropy. However, if most of this
energy 1is dissipated by small-scale motions, the
amount available to sustain the large-scale field will
be correspondingly smaller.

Evolution of Specific Entropy

The specific entropy of the outer core decreases with
tme due to the progressive cooling (Gubbins er 4l
2003):

o = Q) TM. [82]

where

T

L TpdV (83]
core

is the mean temperature of the core (7' ~4350K)
and Q. 1s the heat flux from core to mantle resulting
from secular cooling of the core. The other source of
heat from radioactive decay is, in effect, of external
origin and so does not contribute to the secular
entropy change. The contribution to [82] due to the
rearrangement of material associated with the growth
of the inner core is negligibly small.

In addition to the sensible cooling of the core,
secular cooling includes the latent heat and gravita-
tional energy released by the growth of the inner
core; altogether

Oy = CpeM[—dT/dr] [84]

where C,.= C'P—l— Cgr + iy, is the effective specific
heat of the core, C, (~800] kg 'K™') is the mean
(mass averaged) specific heat, and the effective spe-
cific heats for gravitational energy and latent heat are
given by

[ Mic ] [Ap J
Cor {FMOJ T 300 e K [85]
and
Mc] L ]
Ch = |:FML:| 7 ~ 600 K [86]

where M. (~9.84 x 10°*kg) and M, (~1.84 x 10**
kg) are the masses of the inner and outer cores,
M. = My + M, \I/ (z107_] kg’l) 1s the mean grav-
itational potential of the outer core, and

= |: APl

S E———— 87
3p.C, + 6Ks0? T} b [87]

is a measure of the rate of advance (increase of
radius with time) of the intersection of the adiabat
with the melting curve as the core cools; Ks is the
adiabatic incompressibility. With previous estimates,
I'~0.02.

Note that with these estimates, a relatively modest
rate  of cooling of, say, 1.14x10 " Ks™'
(=36 KGa ") releases heat at a rate sufficient to
equal that conducted down the adiabat at the CMB
(3.6 x 10" W with 4=28Wm 'K™'). Note that
CpeM .~ 10" W Ga K™, s0 that a change of cooling
rate of 10K Ga™' corresponds to a change of heat
flux of 10'*W. For purposes of illustration, suppose
that 5 x 10" W are released by cooling of the core,
corresponding to a cooling rate of S0 K Ga™~'. With a
convective turnover time of 3700 years, the core
cools by about AT=2x10"* K each convective
cycle.

The cooling rate of the core is somewhat uncer-
tain. This may be quantified by writing d 7'/dr= —x
10KGa '~ —xp 3x107'°Ks™ ", so that a value
xr =1 corresponds roughly to 10" W of core cool-
ing. Altogether, f,~—12xpx10""*Wkg 'K\
The value (5, ~ —3.7 x 107" W kg~ ' K™') estimated
by Roberts and Glatzmaier (2000) is achieved if the
rate of heat loss from the core is 3.4 x 10'* W.
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Specific-Entropy Sources

The variation of specific entropy within the outer
core 1s more complicated than that of composition,
for two reasons. First, [12] contains source terms
other than that due to secular evolution of the refer-
ence state, and second, the specific entropy is
changed due to exchanges of heat at the CMB as
well as at the ICB. In this subappendix, first the
three volumetric entropy sources that contribute to
iy (see [13]) are estimated close to the ICB, then the
boundary sources at the ICB and CMB are estimated.

Volumetric sources

It is reasonable to assume that Ohmic heating is
uniformly distributed (by mass) in the entire core so
that

goh = Qoh/ M [88]

It is likely, due to segregation induced by the solidi-

fication process, that radioactive heating is
concentrated in the outer core, so that
fra = Qua/ Moc (89]

There 1s substantial uncertainty in each of the three
volumetric sources. It is uncertain whether there is a
significant amount of radioactive heating in the core.
The efficiency of the dynamo mechanism and
the associated amount of Ohmic heating is not well
constrained. While the radial structure of the adiabat is
well constrained, the value of thermal conductivity is
controversial. The uncertainties in heat sources will
be accommodated by writing Qg =4 10> W and
Oon = Xon 10”W. The value of  thermal
conductivity will be taken as 4=28Wm ' K" (F.
Stacey, personal communication, 2005), with
V3 T,~—7x 107K m 2 Alwogether, near the ICB,
{gas qony RV2TW]/pa} = {54%, 52000, —15} x
107 B Wkg ' and with Ty, ~5000K §,=[2.7x4 +
2650, — 7.5 x 107 W kg™ ' K.

Boundary sources

At the ICB, latent heat and inner-core sources
increase s., while at the CMB, heat loss to the mantle
(over and above that carried by conduction)
decreases s.. These changes are quantified by

(Ase)iay= [Qn + Qic] /(MT,) [90]

and

(A.Yc)clnb: [QL_d - Qj / (M T"‘)cml; [91]

where

O = LuMic [92]

is the rate of latent heat release due to solidification,
O.q 1s the rate of transfer of heat by conduction down
the adiabat, O is the total rate of heat transfer from
core to mantle, and Ly is the latent heat of fusion.
The rate, O, of heat transfer from the inner core is
due to those fractions of core secular cooling, Qs and
Ohmic dissipation, Oy, that occur within the inner
core (with radioactive heating in the inner core being
assumed small). The former is proportional to the
potential temperature, giving

Mic
M

Tic e
70+ Qoh| = 0.057Qu +0.05Q 93]

Qe =

In a rough calculation, the effect of Q,, may be
ignored.

Buoyancy Flux

The changes of both composition and specific
entropy at the ICB make the rising fluid buoyant
and drive vigorous convection near the base of the
outer core. Without loss of generality, the co-density
of the descending fluid at the base of the outer core
may be set equal to zero. The co-density of the fluid
rising from the ICB is related to the buoyancy flux, 7
at the base of the outer core by

T = [CeV 1= — [['” (@/C)i + 6] g Vie [94]

Using data from Gubbins ez 4/ (2003) and Stacey and
Davis (2004), Ly (c/C,)ic, = 0.01. Recalling that
0~ 0.05, it appears that change of composition is sev-
eral times more important that latent heat in creating
buoyancy at the ICB. Using previous estimates of T;.
and other parameters, g, ~ 15— 125 m*s™.

Barring significant mass exchanges at the CMB, the
buoyancy at the top of the mantle is dominated by the
change of specific entropy. If Q > O, this change
drives convection near the top of the outer core.
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