
Chapter 1

Fiber Gratings

Silica fibers can change their optical properties permanently when they are exposed to
intense radiation from a laser operating in the blue or ultraviolet spectral region. This
photosensitive effect can be used to induce periodic changes in the refractive index
along the fiber length, resulting in the formation of an intracore Bragg grating. Fiber
gratings can be designed to operate over a wide range of wavelengths extending from
the ultraviolet to the infrared region. The wavelength region near 1.5 µm is of par-
ticular interest because of its relevance to fiber-optic communication systems. In this
chapter on fiber gratings, the emphasis is on the role of the nonlinear effects. Sections
1.1 and 1.2 discuss the physical mechanism responsible for photosensitivity and vari-
ous techniques used to make fiber gratings. The coupled-mode theory is described in
Section 1.3, where the concept of the photonic bandgap is also introduced. Section
1.4 is devoted to the nonlinear effects occurring under continuous-wave (CW) con-
ditions. The phenomenon of modulation instability is discussed in Section 1.5. The
focus of Section 1.6 is on propagation of optical pulses through a fiber grating with
emphasis on optical solitons. The phenomenon of nonlinear switching is also covered
in this section. Section 1.7 is devoted to related fiber-based periodic structures such
as long-period, chirped, sampled, transient, and dynamic gratings together with their
applications.

1.1 Basic Concepts

Diffraction gratings constitute a standard optical component and are used routinely
in various optical instruments such as a spectrometer. The underlying principle was
discovered more than 200 years ago [1]. From a practical standpoint, a diffraction
grating is defined as any optical element capable of imposing a periodic variation in the
amplitude or phase of light incident on it. Clearly, an optical medium whose refractive
index varies periodically acts as a grating since it imposes a periodic variation of phase
when light propagates through it. Such gratings are called index gratings.
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Λ

Figure 1.1: A fiber grating. Dark and light shaded regions within the fiber core show periodic
variations of the refractive index.

1.1.1 Bragg Diffraction
The diffraction theory of gratings shows that when light is incident at an angle θi
(measured with respect to the planes of constant refractive index), it is diffracted at an
angle θr such that [1]

sinθi− sinθr = mλ/(n̄Λ), (1.1.1)

where Λ is the grating period, λ/n̄ is the wavelength of light inside the medium with
an average refractive index n̄, and m is the order of Bragg diffraction. This condition
can be thought of as a phase-matching condition, similar to that occurring in the case
of Brillouin scattering or four-wave mixing [2] and can be written as

ki−kd = mkg, (1.1.2)

where ki and kd are the wave vectors associated with the incident and diffracted light.
The grating wave vector kg has magnitude 2π/Λ and points in the direction in which
the refractive index of the medium is changing in a periodic manner.

In the case of single-mode fibers, all three vectors lie along the fiber axis. As a re-
sult, kd =−ki and the diffracted light propagates backward. Thus, as shown schemat-
ically in Figure 1.1, a fiber grating acts as a reflector for a specific wavelength of light
for which the phase-matching condition is satisfied. In terms of the angles appearing
in Eq. (1.1.1), θi = π/2 and θr =−π/2. If m = 1, the period of the grating is related to
the vacuum wavelength as λ = 2n̄Λ. This condition is known as the Bragg condition,
and gratings satisfying it are referred to as Bragg gratings. Physically, the Bragg con-
dition ensures that weak reflections occurring throughout the grating add up in phase
to produce a strong reflection at the input end. For a fiber grating reflecting light in the
wavelength region near 1.5 µm, the grating period Λ≈ 0.5 µm.

Bragg gratings inside optical fibers were first formed in 1978 by irradiating a
germanium-doped silica fiber for a few minutes with an intense argon-ion laser beam [3].
The grating period was fixed by the argon-ion laser wavelength, and the grating re-
flected light only within a narrow region around that wavelength. It was realized that
the 4% reflection occurring at the two fiber–air interfaces created a standing-wave pat-
tern such that more of the laser light was absorbed in the bright regions. As a result, the
glass structure changed in such a way that the refractive index increased permanently
in the bright regions. Although this phenomenon attracted some attention during the
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next 10 years [4]–[16], it was not until 1989 that fiber gratings became a topic of in-
tense investigation, fueled partly by the observation of second-harmonic generation
in photosensitive fibers. The impetus for this resurgence of interest was provided by
a 1989 paper in which a side-exposed holographic technique was used to make fiber
gratings with controllable period [17].

Because of its relevance to fiber-optic communication systems, the holographic
technique was quickly adopted to produce fiber gratings in the wavelength region near
1.55 µm [18]. Considerable work was done during the early 1990s to understand the
physical mechanism behind photosensitivity of fibers and to develop techniques that
were capable of making large changes in the refractive index [19]–[47]. By 1995, fiber
gratings were available commercially, and by 1997 they became a standard component
of lightwave technology. Soon after, several books devoted entirely to fiber gratings
appeared, focusing on applications related to fiber sensors and fiber-optic communica-
tion systems [48]–[50].

1.1.2 Photosensitivity

There is considerable evidence that the photosensitivity of optical fibers is due to defect
formation inside the core of Ge-doped silica (SiO2) fibers [29]–[31]. In practice, the
core of a silica fiber is often doped with germania (GeO2) to increase its refractive
index and introduce an index step at the core-cladding interface. The Ge concentration
is typically 3–5% but may exceed 15% in some cases.

The presence of Ge atoms in the fiber core leads to formation of oxygen-deficient
bonds (such as Si–Ge, Si–Si, and Ge–Ge bonds), which act as defects in the silica
matrix [48]. The most common defect is the GeO defect. It forms a defect band
with an energy gap of about 5 eV (energy required to break the bond). Single-photon
absorption of 244-nm radiation from an excimer laser (or two-photon absorption of
488-nm light from an argon-ion laser) breaks these defect bonds and creates GeE′

centers. Extra electrons associated with GeE′ centers are free to move within the glass
matrix until they are trapped at hole-defect sites to form the color centers known as
Ge(1) and Ge(2). Such modifications in the glass structure change the absorption
spectrum α(ω). However, changes in the absorption also affect the refractive index
since ∆α and ∆n are related through the Kramers–Kronig relation [51]:

∆n(ω ′) =
c
π

∫
∞

0

∆α(ω)dω

ω2−ω ′2
. (1.1.3)

Even though absorption modifications occur mainly in the ultraviolet region, the re-
fractive index can change even in the visible or infrared region. Moreover, as index
changes occur only in the regions of fiber core where the ultraviolet light is absorbed, a
periodic intensity pattern is transformed into an index grating. Typically, index change
∆n is ∼10−4 in the 1.3- to 1.6-µm wavelength range but can exceed 0.001 in fibers
with high Ge concentration [34].

The presence of GeO defects is crucial for photosensitivity to occur in optical
fibers. However, standard telecommunication fibers rarely have more than 3% of
Ge atoms in their core, resulting in relatively small index changes. The use of other
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dopants, such as phosphorus, boron, and aluminum, can enhance the photosensitiv-
ity (and the amount of index change) to some extent, but these dopants also tend to
increase fiber losses. It was discovered in the early 1990s that the amount of index
change induced by ultraviolet absorption can be enhanced by two orders of magni-
tude (∆n > 0.01) by soaking the fiber in hydrogen gas at high pressures (200 atm)
and room temperature [39]. The density of Ge–Si oxygen-deficient bonds increases
in hydrogen-soaked fibers because hydrogen can recombine with oxygen atoms. Once
hydrogenated, the fiber needs to be stored at low temperature to maintain its photo-
sensitivity. However, gratings made in such fibers remain intact over relatively long
periods of time, if they are stabilized using a suitable annealing technique [52]–[56].
Hydrogen soaking is commonly used for making fiber gratings.

Because of the stability issue associated with hydrogen soaking, a technique, known
as ultraviolet (UV) hypersensitization, has been employed in recent years [57]–[59].
An alternative method, known as OH flooding, is also used for this purpose. In this ap-
proach [60], the hydrogen-soaked fiber is heated rapidly to a temperature near 1000◦C
before it is exposed to UV radiation. The resulting out-gassing of hydrogen creates
a flood of OH ions and leads to a considerable increase in the fiber photosensitiv-
ity. A comparative study of different techniques revealed that the UV-induced index
changes were indeed more stable in the hypersensitized and OH-flooded fibers [61]. It
should be stressed that understanding of the exact physical mechanism behind photo-
sensitivity is far from complete, and more than one mechanism may be involved [57].
Localized heating can also affect the formation of a grating. For instance, damage
tracks were seen in fibers with a strong grating (index change >0.001) when the grat-
ing was examined under an optical microscope [34]; these tracks were due to localized
heating to several thousand degrees of the core region, where ultraviolet light was most
strongly absorbed. At such high temperatures the local structure of amorphous silica
can change considerably because of melting.

1.2 Fabrication Techniques
Fiber gratings can be made by using several techniques, each having its own merits
[48]–[50]. This section discusses briefly four major techniques, used commonly for
making fiber gratings: the single-beam internal technique, the dual-beam holographic
technique, the phase-mask technique, and the point-by-point fabrication technique.
The use of ultrashort optical pulses for grating fabrication is covered in the last sub-
section.

1.2.1 Single-Beam Internal Technique
In this technique, used in the original 1978 experiment [3], a single laser beam, often
obtained from an argon-ion laser operating in a single mode near 488 nm, is launched
into a germanium-doped silica fiber. The light reflected from the near end of the fiber
is then monitored. The reflectivity is initially about 4%, as expected for a fiber–air
interface. However, it gradually begins to increase with time and can exceed 90% after
a few minutes when the Bragg grating is completely formed [5]. Figure 1.2 shows
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Figure 1.2: Increase in reflectivity with time during grating formation. Insets show the reflection
and transmission spectra of the grating. (From Ref. [3]; c©1978 AIP.)

the increase in reflectivity with time, observed in the 1978 experiment for a 1-m-long
fiber having a numerical aperture of 0.1 and a core diameter of 2.5 µm. Measured
reflectivity of 44% after 8 minutes of exposure implies more than 80% reflectivity of
the Bragg grating when coupling losses are accounted for.

Grating formation is initiated by the light reflected from the far end of the fiber
and propagating in the backward direction. The two counterpropagating waves inter-
fere and create a standing-wave pattern with periodicity λ/2n̄, where λ is the laser
wavelength and n̄ is the mode index at that wavelength. The refractive index of silica
is modified locally in the regions of high intensity, resulting in a periodic index varia-
tion along the fiber length. Even though the index grating is quite weak initially (4%
far-end reflectivity), it reinforces itself through a kind of runaway process. Since the
grating period is exactly the same as the standing-wave period, the Bragg condition is
satisfied for the laser wavelength. As a result, some forward-traveling light is reflected
backward through distributed feedback, which strengthens the grating, which in turn
increases feedback. The process stops when the photoinduced index change saturates.
Optical fibers with an intracore Bragg grating act as a narrowband reflection filter. The
two insets in Figure 1.2 show the measured reflection and transmission spectra of such
a fiber grating. The full width at half maximum (FWHM) of these spectra is only about
200 MHz.

A disadvantage of the single-beam internal method is that the grating can be used
only near the wavelength of the laser used to make it. Since Ge-doped silica fibers
exhibit little photosensitivity at wavelengths longer than 0.5 µm, such gratings cannot
be used in the 1.3- to 1.6-µm wavelength region that is important for optical commu-
nications. A dual-beam holographic technique, discussed next, solves this problem.

1.2.2 Dual-Beam Holographic Technique
The dual-beam holographic technique, shown schematically in Figure 1.3, makes use
of an external interferometric scheme similar to that used for holography. Two optical
beams, obtained from the same laser (operating in the ultraviolet region) and making
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Figure 1.3: The dual-beam holographic technique.

an angle 2θ are made to interfere at the exposed core of an optical fiber [17]. A
cylindrical lens is used to expand the beam along the fiber length. Similar to the
single-beam scheme, the interference pattern creates an index grating. However, the
grating period Λ is related to the ultraviolet laser wavelength λuv and the angle 2θ

made by the two interfering beams through the simple relation

Λ = λuv/(2sinθ). (1.2.1)

The most important feature of the holographic technique is that the grating period
Λ can be varied over a wide range by simply adjusting the angle θ (see Figure 1.3).
The wavelength λ at which the grating reflects light is related to Λ as λ = 2n̄Λ. Since λ

can be significantly larger than λuv, Bragg gratings operating in the visible or infrared
region can be fabricated by the dual-beam holographic method even when λuv is in
the ultraviolet region. In a 1989 experiment, Bragg gratings reflecting 580-nm light
were made by exposing the 4.4-mm-long core region of a photosensitive fiber for 5
minutes with 244-nm ultraviolet radiation [17]. Reflectivity measurements indicated
that the refractive index changes were ∼10−5 in the bright regions of the interference
pattern. Bragg gratings formed by the dual-beam holographic technique were stable
and remained unchanged even when the fiber was heated to 500◦C.

Because of their practical importance, Bragg gratings operating in the 1.55-µm
region were made in 1990 [18]. Since then, several variations of the basic technique
have been used to make such gratings in a practical manner. An inherent problem for
the dual-beam holographic technique is that it requires an ultraviolet laser with excel-
lent temporal and spatial coherence. Excimer lasers commonly used for this purpose
have relatively poor beam quality and require special care to maintain the interference
pattern over the fiber core over a duration of several minutes.

It turns out that high-reflectivity fiber gratings can be written by using a single
excimer laser pulse (with typical duration of 20 ns) if the pulse energy is large enough
[32]–[34]. Extensive measurements on gratings made by this technique indicate a
thresholdlike phenomenon near a pulse energy level of about 35 mJ [34]. For lower
pulse energies, the grating is relatively weak since index changes are only about 10−5.
By contrast, index changes of about 10−3 are possible for pulse energies above 40 mJ.
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Figure 1.4: A phase-mask interferometer used for making fiber gratings. (From Ref. [48];
c©1999 Academic Press.)

Bragg gratings with nearly 100% reflectivity have been made by using a single 40-mJ
pulse at the 248-nm wavelength. The gratings remained stable at temperatures as high
as 800◦C. A short exposure time has an added advantage. The typical rate at which
a fiber is drawn from a preform is about 1 m/s. Since the fiber moves only 20 nm in
20 ns and since displacement is a small fraction of the grating period Λ, a grating can
be written during the drawing stage, while the fiber is being pulled and before it is
sleeved [35]. This feature makes the single-pulse holographic technique quite useful
from a practical standpoint.

1.2.3 Phase-Mask Technique

This nonholographic technique uses a photolithographic process commonly employed
for fabrication of integrated electronic circuits. The basic idea is to use a phase mask
with a periodicity related to the grating period [36]. The phase mask acts as a master
grating that is transferred to the fiber using a suitable method. In one realization of this
technique [37], the phase mask was made on a quartz substrate on which a patterned
layer of chromium was deposited using electron-beam lithography in combination with
reactive-ion etching. Phase variations induced in the 242-nm radiation passing through
the phase mask translate into a periodic intensity pattern similar to that produced by the
holographic technique. The photosensitivity of the fiber converts intensity variations
into an index grating of the same periodicity as that of the phase mask.

The chief advantage of the phase-mask method is that the demands on the tempo-
ral and spatial coherence of the ultraviolet beam are much less stringent because of
the noninterferometric nature of the technique. In fact, even a nonlaser source such as
an ultraviolet lamp can be used. Furthermore, the phase-mask technique allows fab-
rication of fiber gratings with a variable period (chirped gratings) and can be used to
tailor the periodic index profile along the grating length. It is also possible to vary the
Bragg wavelength over some range for a fixed mask periodicity by using a converging
or diverging wavefront during the photolithographic process [41]. On the other hand,
the quality of fiber grating (length, uniformity, etc.) depends completely on the mas-
ter phase mask, and all imperfections are reproduced precisely. Nonetheless, gratings
with 5-mm length and 94% reflectivity were made in 1993, showing the potential of
this technique [37].
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The phase mask can be used to form an interferometer using the geometry shown
in Figure 1.4. The ultraviolet laser beam falls normally on the phase mask and is
diffracted into several beams in the Raman–Nath scattering regime. The zeroth-order
beam (direct transmission) is blocked or canceled by an appropriate technique. The
two first-order diffracted beams interfere on the fiber surface and form a periodic inten-
sity pattern. The grating period is exactly one half of the phase-mask period. In effect,
the phase mask produces both the reference and object beams required for holographic
recording.

There are several advantages of using a phase-mask interferometer. It is insensitive
to the lateral translation of the incident laser beam and tolerant of any beam-pointing
instability. Relatively long fiber gratings can be made by moving two side mirrors
while maintaining their mutual separation. In fact, the two mirrors can be replaced
by a single silica block that reflects the two beams internally through total internal
reflection, resulting in a compact and stable interferometer [48]. The length of the
grating formed inside the fiber core is limited by the size and optical quality of the
silica block.

Long gratings can be formed by scanning the phase mask or translating the optical
fiber itself such that different parts of the optical fiber are exposed to the two interfer-
ing beams. In this way, multiple short gratings are formed in succession in the same
fiber. Any discontinuity or overlap between the two neighboring gratings, resulting
from positional inaccuracies, leads to the so-called stitching errors (also called phase
errors) that can affect the quality of the whole grating substantially if left uncontrolled.
Nevertheless, this technique was used in 1993 to produce a 5-cm-long grating [42]. By
1996, gratings longer than 1 meter have been made with success [62] by employing
techniques that minimize phase errors [63].

1.2.4 Point-by-Point Fabrication Technique
This nonholographic scanning technique bypasses the need for a master phase mask
and fabricates the grating directly on the fiber, period by period, by exposing short
sections of width w to a single high-energy pulse [19]. The fiber is translated by a
distance Λ−w before the next pulse arrives, resulting in a periodic index pattern such
that only a fraction w/Λ in each period has a higher refractive index. The method is
referred to as point-by-point fabrication since a grating is fabricated period by period
even though the period Λ is typically below 1 µm. The technique works by focusing
the spot size of the ultraviolet laser beam so tightly that only a short section of width
w is exposed to it. Typically, w is chosen to be Λ/2 although it could be a different
fraction if so desired.

This technique has a few practical limitations. First, only short fiber gratings
(<1 cm) are typically produced because of the time-consuming nature of the point-to-
point fabrication method. Second, it is hard to control the movement of a translation
stage accurately enough to make this scheme practical for long gratings. Third, it is
not easy to focus the laser beam to a small spot size that is only a fraction of the grating
period. Recall that the period of a first-order grating is about 0.5 µm at 1.55 µm and
becomes even smaller at shorter wavelengths. For this reason, the technique was first
demonstrated in 1993 by making a 360-µm-long, third-order grating with a 1.59-µm
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period [38]. The third-order grating still reflected about 70% of the incident 1.55-µm
light. From a fundamental standpoint, an optical beam can be focused to a spot size
as small as the wavelength. Thus, the 248-nm laser commonly used in grating fabri-
cation should be able to provide a first-order grating in the wavelength range from 1.3
to 1.6 µm with proper focusing optics similar to that used for fabrication of integrated
circuits.

The point-by-point fabrication method is quite suitable for long-period gratings in
which the grating period exceeds 10 µm and even can be longer than 100 µm, de-
pending on the application [64]–[66]. Such gratings can be used for mode conversion
(power transfer from one mode to another) or polarization conversion (power trans-
fer between two orthogonally polarized modes). Their filtering characteristics have
been used for flattening the gain profile of erbium-doped fiber amplifiers. Long-period
gratings are covered in Section 1.7.1.

1.2.5 Technique Based on Ultrashort Optical Pulses
In recent years, femtosecond pulses have been used to change the refractive index
of glass locally and to fabricate planar waveguides within a bulk medium [67]–[72].
The same technique can be used for making fiber gratings. Femtosecond pulses from a
Ti:sapphire laser operating in the 800-nm regime were used as early as 1999 [73]–[75].
Two distinct mechanisms can lead to index changes when such lasers are used [76]. In
the so-called type-I gratings, index changes are of reversible nature. In contrast, per-
manent index changes occur in type-II gratings because of multiphoton ionization and
plasma formation when the peak power of pulses exceeds the self-focusing threshold.
The second type of gratings can be written using energetic femtosecond pulses that
illuminate an especially made phase mask [74]. They were observed to be stable at
temperatures of up to 1000◦C in the sense that the magnitude of index change created
by the 800-nm femtosecond pulses remained unchanged over hundreds of hours [75].

In an alternative approach, infrared radiation is first converted into the UV region
through harmonic generation, before using it for grating fabrication. In this case, pho-
ton energy exceeds 4 eV, and the absorption of single photons can create large index
changes. As a result, the energy fluence required for forming the grating is reduced
considerably [77]–[79]. In practice, one can employ either 264-nm pulses, obtained
from fourth harmonic of a femtosecond Nd:glass laser, or 267-nm pulses using third
harmonic of a Ti:sapphire laser. In both cases, index changes >10−3 have been real-
ized. Figure 1.5 shows the experimental results obtained when 264-nm pulses of 0.2-nJ
energy (pulse width 260 fs) were employed for illuminating a phase mask and forming
a 3-mm-long Bragg grating [77]. The left part shows the measured UV-induced change
in the refractive index of fiber core as a function of incident energy fluence for (a) a
hydrogen-soaked fiber and (b) a hydrogen-free fiber. The transmission spectra of three
fiber gratings are shown for fluence values that correspond to the maximum fluence
level for the three peak intensities. The topmost spectrum implies a peak reflectivity
level of >99.9% at the Bragg wavelength and corresponds to a UV-induced change
in the refractive index of about 2× 10−3. This value was lower for the fiber that was
not soaked in hydrogen, but it could be made to exceed 10−3 by increasing both the
peak-intensity and fluence levels of UV pulses. Similar results were obtained when
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Figure 1.5: Left: Index change ∆n as a function of incident energy fluence for (a) a hydrogen-
soaked fiber and (b) a hydrogen-free fiber. Right: Transmission spectra of three fiber gratings
for fluence values that correspond to the maximum fluence level at peak intensities of (a) 47
GW/cm2, (b) 31 GW/cm2, and (c) 77 GW/cm2. (From Ref. [77]; c©2003 OSA.)

267-nm pulses, obtained through third harmonic of a 800-nm Ti:sapphire laser, were
employed [78]. Gratings formed with this method are of type-I type in the sense that
the magnitude of index change decreases with annealing at high temperatures [79].

1.3 Grating Characteristics

Two approaches have been used to study how a Bragg grating affects wave propagation
in optical fibers. In one approach, Bloch formalism, used commonly for describing
motion of electrons in semiconductors, is applied to Bragg gratings [80]. In another,
forward- and backward-propagating waves are treated independently, and the Bragg
grating provides a coupling between them. This method, known as the coupled-mode
theory, has been used with considerable success in several contexts. In this section,
we derive the nonlinear coupled-mode equations and use them to discuss propagation
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of low-intensity CW light through a Bragg grating. We also introduce the concept of
photonic bandgap and use it to show that a Bragg grating introduces a large amount of
dispersion.

1.3.1 Coupled-Mode Equations
Wave propagation in a linear periodic medium has been studied extensively using
coupled-mode theory [81]–[83]. This theory has been applied to distributed-feedback
(DFB) semiconductor lasers [84], among other things. In the case of optical fibers, we
need to include both the nonlinear nature and the periodic variation of the refractive
index by using

ñ(ω,z) = n̄(ω)+n2|E|2 +δng(z), (1.3.1)

where n2 is the nonlinear parameter and δng(z) accounts for periodic index variations
inside the grating. The coupled-mode theory can be generalized to include the fiber
nonlinearity since the nonlinear index change n2|E|2 in Eq. (1.3.1) is so small that it
can be treated as a perturbation [85].

The starting point consists of solving Maxwell’s equations with the refractive index
given in Eq. (1.3.1). However, as discussed in Section 2.3 of Ref. [2], if the nonlin-
ear effects are relatively weak, we can work in the frequency domain and solve the
Helmholtz equation

∇
2Ẽ + ñ2(ω,z)ω2/c2Ẽ = 0, (1.3.2)

where Ẽ denotes the Fourier transform of the electric field with respect to time.
Noting that ñ is a periodic function of z, it is useful to expand δn g(z) in a Fourier

series as

δng(z) =
∞

∑
m=−∞

δnm exp[2πim(z/Λ)]. (1.3.3)

Since both the forward- and backward-propagating waves should be included, Ẽ in Eq.
(1.3.2) is of the form

Ẽ(r,ω) = F(x,y)[Ã f (z,ω)exp(iβBz)+ Ãb(z,ω)exp(−iβBz)], (1.3.4)

where βB = π/Λ is the Bragg wave number for a first-order grating. It is related to the
Bragg wavelength through the Bragg condition λB = 2n̄Λ and can be used to define
the Bragg frequency as ωB = πc/(n̄Λ). Transverse variations for the two counterprop-
agating waves are governed by the same modal distribution F(x,y) in a single-mode
fiber.

Using Eqs. (1.3.1)–(1.3.4), assuming Ã f and Ãb vary slowly with z and keeping
only the nearly phase-matched terms, the frequency-domain coupled-mode equations
become [81]–[83]

∂ Ã f

∂ z
= i[δ (ω)+∆β ]Ã f + iκÃb, (1.3.5)

−∂ Ãb

∂ z
= i[δ (ω)+∆β ]Ãb + iκÃ f , (1.3.6)
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where δ , a measure of detuning from the Bragg frequency, is defined as

δ (ω) = (n̄/c)(ω−ωB)≡ β (ω)−βB. (1.3.7)

The nonlinear effects in the coupled-mode eqautions are included through ∆β . The
coupling coefficient κ governs the grating-induced coupling between the forward and
backward waves. For a first-order grating, κ is given by

κ =
k0
∫∫

∞

−∞
δn1|F(x,y)|2 dxdy∫∫

∞

−∞
|F(x,y)|2 dxdy

. (1.3.8)

In this general form, κ can include transverse variations of δng occurring when the
photoinduced index change is not uniform over the core area. For a transversely uni-
form grating κ = 2πδn1/λ , as can be inferred from Eq. (1.3.8) by taking δn1 as con-
stant and using k0 = 2π/λ . For a sinusoidal grating of the form δng = na cos(2πz/Λ),
δn1 = na/2 and the coupling coefficient is given by κ = πna/λ .

Equations (1.3.5) and (1.3.6) can be converted to time domain by following the
procedure outlined in Section 2.3 of Ref. [2]. We assume that the total electric field
can be written as

E(r, t) = 1
2 F(x,y)[A f (z, t)eiβBz +Ab(z, t)e−iβBz]e−iω0t + c.c., (1.3.9)

where ω0 is the frequency at which the pulse spectrum is centered. We expand β (ω)
in Eq. (1.3.7) in a Taylor series as

β (ω) = β0 +(ω−ω0)β1 + 1
2 (ω−ω0)2

β2 + 1
6 (ω−ω0)3

β3 + · · · (1.3.10)

and retain terms up to second order in ω−ω0. The resulting equations are converted
into the time domain by replacing ω−ω0 with the differential operator i(∂/∂ t). The
resulting time-domain coupled-mode equations have the form

∂A f

∂ z
+β1

∂A f

∂ t
+

iβ2

2
∂ 2A f

∂ t2 +
α

2
A f = iδA f + iκAb + iγ(|A f |2 +2|Ab|2)A f , (1.3.11)

−∂Ab

∂ z
+β1

∂Ab

∂ t
+

iβ2

2
∂ 2Ab

∂ t2 +
α

2
Ab = iδAb + iκA f + iγ(|Ab|2 +2|A f |2)Ab, (1.3.12)

where δ in Eq. (1.3.7) is evaluated at ω = ω0 and becomes δ = (ω0−ωB)/vg. In fact,
the δ term can be eliminated from the coupled-mode equations if ω0 is replaced by
ωB in Eq. (1.3.9). The other parameters have their traditional meaning. Specifically,
β1 ≡ 1/vg is related inversely to the group velocity, β2 governs the group-velocity
dispersion (GVD), and the nonlinear parameter γ is related to n2 as γ = n2ω0/(cAeff),
where Aeff is the effective mode area (see Ref. [2]).

The nonlinear terms in the time-domain coupled-mode equations contain the con-
tributions of both self-phase modulation (SPM) and cross-phase modulation (XPM).
In fact, the coupled-mode equations are similar to and should be compared with Eqs.
(7.1.15) and (7.1.16) of Ref. [2], which govern the propagation of two copropagating
waves inside optical fibers. The two major differences are (i) the negative sign ap-
pearing in front of the ∂Ab/∂ z term in Eq. (1.3.11) because of backward propagation
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of Ab and (ii) the presence of linear coupling between the counterpropagating waves
governed by the parameter κ . Both these differences change the character of wave
propagation profoundly. Before discussing the general case, it is instructive to con-
sider the case in which the nonlinear effects are so weak that the fiber acts as a linear
medium.

1.3.2 CW Solution in the Linear Case
In this section, we focus on the linear case in which the nonlinear effects are negligi-
ble. When the SPM and XPM terms are neglected in Eqs. (1.3.11) and (1.3.12), the
resulting linear equations can be solved easily in the Fourier domain. In fact, we can
use Eqs. (1.3.5) and (1.3.6). These frequency-domain coupled-mode equations include
GVD to all orders. After setting the nonlinear contribution ∆β to zero, we obtain

∂ Ã f

∂ z
= iδ Ã f + iκÃb, (1.3.13)

−∂ Ãb

∂ z
= iδ Ãb + iκÃ f , (1.3.14)

where δ (ω) is given in Eq. (1.3.7).
A general solution of these linear equations takes the form

Ã f (z) = A1 exp(iqz)+A2 exp(−iqz), (1.3.15)
Ãb(z) = B1 exp(iqz)+B2 exp(−iqz), (1.3.16)

where q is to be determined. The constants A1, A2, B1, and B2 are interdependent and
satisfy the following four relations:

(q−δ )A1 = κB1, (q+δ )B1 =−κA1, (1.3.17)
(q−δ )B2 = κA2, (q+δ )A2 =−κB2. (1.3.18)

These equations are satisfied for nonzero values of A1, A2, B1, and B2 if the possible
values of q obey the dispersion relation

q(ω) =±
√

δ 2(ω)−κ2. (1.3.19)

This equation is of paramount importance for gratings. Its implications will become
clear soon.

One can eliminate A2 and B1 by using Eqs. (1.3.15)–(1.3.18) and write the general
solution in terms of an effective reflection coefficient r(q) as

Ã f (z) = A1 exp(iqz)+ r(q)B2 exp(−iqz), (1.3.20)
Ãb(z) = B2 exp(−iqz)+ r(q)A1 exp(iqz), (1.3.21)

where

r(q) =
q−δ

κ
=− κ

q+δ
. (1.3.22)

The q dependence of r and the dispersion relation (1.3.19) indicate that both the mag-
nitude and the phase of backward reflection depend on the frequency ω . The sign am-
biguity in Eq. (1.3.19) can be resolved by choosing the sign of q such that |r(q)|< 1.
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Figure 1.6: Dispersion curves showing variation of δ with q and the existence of the photonic
bandgap for a fiber grating.

1.3.3 Photonic Bandgap
The dispersion relation of Bragg gratings exhibits an important property seen clearly
in Figure 1.6, where Eq. (1.3.19) is plotted. If the frequency detuning δ of the incident
light falls in the range −κ < δ < κ , q becomes purely imaginary. Most of the incident
field is reflected in that case since the grating does not support a propagating wave. The
range |δ | ≤ κ is referred to as the photonic bandgap, in analogy with the electronic
energy bands occurring in crystals. It is also called the stop band, since light stops
transmitting through the grating when its frequency falls within the photonic bandgap.

Consider now what happens to an optical pulse propagating inside a fiber grating
such that its carrier frequency ω0 lies outside the stop band but remains close to a
band edge. It follows from Eqs. (1.3.4) and (1.3.15) that the effective propagation
constant of the forward-propagating wave is βe(ω) = βB +q(ω), where q(ω) is given
by Eq. (1.3.19). The frequency dependence of βe indicates that a grating exhibits
dispersive effects even if it was fabricated in a nondispersive medium. In optical fibers,
grating-induced dispersion adds to the material and waveguide dispersions. In fact, the
contribution of grating dominates among all sources responsible for dispersion. To see
this more clearly, we expand βe in a Taylor series, in a way similar to Eq. (1.3.10),
around the carrier frequency ω0 of the pulse. The result is given by

βe(ω) = β
g
0 +(ω−ω0)β

g
1 + 1

2 (ω−ω0)2
β

g
2 + 1

6 (ω−ω0)3
β

g
3 + · · · , (1.3.23)

where β
g
m (m = 1,2, . . .) is defined as

β
g
m =

dmq
dωm ≈

(
1
vg

)m dmq
dδ m , (1.3.24)

and the derivatives are evaluated at ω = ω0. The superscript g denotes that the disper-
sive effects have their origin in the grating. In Eq. (1.3.24), vg is the group velocity
of pulse in the absence of the grating (κ = 0). It occurs naturally when the frequency



1.3. Grating Characteristics 15

dependence of n̄ is taken into account in Eq. (1.3.7). Dispersion of vg is neglected in
Eq. (1.3.24) but can be included easily.

Consider first the group velocity of the pulse inside the grating. Using VG = 1/β
g
1

and Eq. (1.3.24), it is given by

VG =±vg

√
1−κ2/δ 2, (1.3.25)

where the choice of ± signs depends on whether the pulse is moving in the forward or
backward direction. Far from the band edges (|δ | � κ), the optical pulse is unaffected
by the grating and travels at the group velocity expected in the absence of the grating.
However, as |δ | approaches κ , the group velocity decreases and becomes zero at the
two edges of the stop band, where |δ |= κ . Therefore, close to the photonic bandgap,
an optical pulse experiences considerable slowing down inside a fiber grating. As an
example, its speed is reduced by 50% when |δ |/κ ≈ 1.18.

Second- and third-order dispersive properties of the grating are governed by β
g
2

and β
g
3 , respectively. Using Eq. (1.3.24) together with the dispersion relation, these

parameters are given by

β
g
2 =−

sgn(δ )κ2/v2
g

(δ 2−κ2)3/2 , β
g
3 =

3|δ |κ2/v3
g

(δ 2−κ2)5/2 . (1.3.26)

The grating-induced GVD, governed by the parameter β
g
2 , depends on the sign of

detuning δ . Figure 1.7 shows how β
g
2 and β

g
3 vary with δ for three gratings for which

κ is in the range of 1 to 10 cm−1. The GVD is anomalous on the upper branch of the
dispersion curve in Figure 1.6, where δ is positive and the carrier frequency exceeds
the Bragg frequency. In contrast, GVD becomes normal (β g

2 > 0) on the lower branch
of the dispersion curve, where δ is negative and the carrier frequency is smaller than
the Bragg frequency. The third-order dispersion remains positive on both branches of
the dispersion curve. Also note that both β

g
2 and β

g
3 become infinitely large at the two

edges of the stop band.
The dispersive properties of a fiber grating are quite different than those of a uni-

form fiber. First, β
g
2 changes sign on the two sides of the stop band centered at the

Bragg wavelength, whose location is easily controlled and can be in any region of
the optical spectrum. This is in sharp contrast with the behavior of β2 in standard
silica fibers, where β2 changes sign at the zero-dispersion wavelength occurring near
1.3 µm. Second, β

g
2 is anomalous on the shorter wavelength side of the stop band,

whereas β2 in conventional fibers becomes anomalous for wavelengths longer than the
zero-dispersion wavelength. Third, the magnitude of β

g
2 exceeds that of β2 by a large

factor. Figure 1.7 shows that |β g
2 | can easily exceed 107 ps2/km for a fiber grating,

whereas β2 is ∼10 ps2/km for standard fibers. This feature can be used for disper-
sion compensation [86]. Typically, a 10-cm-long grating can compensate the GVD
acquired over fiber lengths of 50 km or more. Chirped gratings, discussed in Section
1.7.2, can provide even more dispersion when the wavelength of incident signal falls
inside the stop band, although they reflect the dispersion-compensated signal [87].
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Figure 1.7: Second- and third-order dispersion parameters of a fiber grating as a function of
detuning δ for three values of the coupling coefficient κ .

1.3.4 Grating as an Optical Filter

What happens to optical pulses incident on a fiber grating depends very much on the
location of the pulse spectrum with respect to the stop band associated with the grating.
If the pulse spectrum falls entirely within the stop band, the entire pulse is reflected
by the grating. On the other hand, if a part of the pulse spectrum lies outside the
stop band, only that part is transmitted through the grating. The shape of the reflected
and transmitted pulses in this case becomes quite different than that of the incident
pulse because of the splitting of the spectrum and the dispersive properties of the fiber
grating. If the peak power of input pulses is small enough that nonlinear effects remain
negligible, we can first calculate the reflection and transmission coefficients for each
spectral component. The shape of the transmitted and reflected pulses is then obtained
by integrating over the spectrum of the incident pulse. Considerable distortion can
occur when the pulse spectrum is either wider than the stop band or when it lies in the
vicinity of a stop-band edge.

The reflection and transmission coefficients can be calculated by using Eqs. (1.3.20)
and (1.3.21) with the appropriate boundary conditions. Consider a grating of length L
and assume that light is incident only at the front end, located at z = 0. The reflection
coefficient is then given by

rg =
Ãb(0)
Ã f (0)

=
B2 + r(q)A1

A1 + r(q)B2
. (1.3.27)

If we use the boundary condition Ãb(L) = 0 in Eq. (1.3.21), we find

B2 =−r(q)A1 exp(2iqL). (1.3.28)
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Figure 1.8: (a) Reflectivity |rg|2 and (b) the phase of rg plotted as a function of detuning δ for
κL = 2 (dashed curves) and κL = 3 (solid curves).

Using r(q) from Eq. (1.3.22) with this value of B2 in Eq. (1.3.27), we obtain

rg =
iκ sin(qL)

qcos(qL)− iδ sin(qL)
. (1.3.29)

The transmission coefficient tg can be obtained in a similar manner. The frequency
dependence of rg and tg governs the filtering action of a fiber grating.

Figure 1.8 shows the reflectivity |rg|2 and the phase of rg as a function of detuning
δ for two values of κL. The grating reflectivity within the stop band approaches 100%
for κL = 3 or larger. Maximum reflectivity occurs at the center of the stop band and,
by setting δ = 0 in Eq. (1.3.29), is given by

Rmax = |rg|2 = tanh2(κL). (1.3.30)

For κL = 2, Rmax = 0.93. The condition κL > 2 with κ = 2πδn1/λ can be used
to estimate the grating length required for high reflectivity inside the stop band. For
δn1 ≈ 10−4 and λ = 1.55 µm, L should exceed 5 mm to yield κL > 2. These require-
ments are easily met in practice. Indeed, reflectivities in excess of 99% were achieved
for a grating length of 1.5 cm [34].

1.3.5 Experimental Verification
The coupled-mode theory has been quite successful in explaining the observed features
of fiber gratings. As an example, Figure 1.9 shows the measured reflectivity spectrum
for a Bragg grating operating near 1.3 µm [33]. The fitted curve was calculated using
Eq. (1.3.29). The 94% peak reflectivity indicates κL≈ 2 for this grating. The stop band
is about 1.7-nm wide. These measured values were used to deduce a grating length of
0.84 mm and an index change of 1.2× 10−3. The coupled-mode theory explains the
observed reflection and transmission spectra of fiber gratings quite well.
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Figure 1.9: Measured and calculated reflectivity spectra for a fiber grating operating at wave-
lengths near 1.3 µm. (From Ref. [33]); c©1993 IEE.)

From a practical standpoint, an undesirable feature seen in Figures 1.8 and 1.9
is the presence of multiple sidebands located on each side of the stop band. These
sidebands originate from weak reflections occurring at the two grating ends where the
refractive index changes suddenly compared to its value outside the grating region.
Even though the change in refractive index is typically less than 1%, the reflections
at the two grating ends form a Fabry–Perot cavity with its own wavelength-dependent
transmission. An apodization technique is commonly used to remove the sidebands
seen in Figures 1.8 and 1.9 [48]. In this technique, the intensity of the ultraviolet laser
beam used to form the grating is made nonuniform in such a way that the intensity
drops to zero gradually near the two grating ends.

Figure 1.10(a) shows schematically how the refractive index varies along the length
of an apodized fiber grating. In a transition region of width Lt near the grating ends, the
value of the coupling coefficient κ increases from zero to its maximum value. These
buffer zones can suppress the sidebands almost completely, resulting in fiber gratings
with practically useful filter characteristics. Figure 1.10(b) shows the measured re-
flectivity spectrum of a 7.5-cm-long apodized fiber grating, made with the scanning
phase-mask technique. The reflectivity exceeds 90% within the stop band, about 0.17-
nm wide and centered at the Bragg wavelength of 1.053 µm, chosen to coincide with
the wavelength of an Nd:YLF laser [88]. From the stop-band width, the coupling co-
efficient κ is estimated to be about 7 cm−1. Note the sharp drop in reflectivity at both
edges of the stop band and a complete absence of sidebands.

The same apodized fiber grating was used to investigate the dispersive properties in
the vicinity of a stop-band edge by transmitting 80-ps pulses (with a nearly Gaussian
shape) through it [88]. Figure 1.11 shows changes in (a) the pulse width and (b) the
transit time during pulse transmission as a function of the detuning δ from the Bragg
wavelength. For positive values of δ , grating-induced GVD is anomalous on the upper
branch of the dispersion curve. The most interesting feature is the increase in the
arrival time observed as the laser is tuned close to the stop-band edge because of a
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Figure 1.10: (a) Schematic variation of refractive index and (b) measured reflectivity spectrum
for an apodized fiber grating. (From Ref. [88]; c©1999 OSA.)

reduced group velocity. Doubling of the arrival time for δ close to 900 m−1 shows
that the pulse speed was only 50% of that expected in the absence of the grating. This
result is in agreement with the prediction of coupled-mode theory in Eq. (1.3.25).

Changes in the pulse width seen in Figure 1.11 can be attributed mostly to the
grating-induced GVD effects governed by Eq. (1.3.26). The large broadening observed
near the stop-band edge is due to an increase in |β g

2 |. Slight compression near δ =
1200 m−1 is due to a small amount of SPM that chirps the pulse. Indeed, it was
necessary to include the γ term in Eqs. (1.3.11) and (1.3.12) to fit the experimental
data. The nonlinear effects became quite significant at high power levels. We turn to
this issue next.
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Figure 1.11: (a) Measured pulse width (FWHM) of 80-ps input pulses and (b) their arrival time
as a function of detuning δ for an apodized 7.5-cm-long fiber grating. Solid lines show the
prediction of the coupled-mode theory. (From Ref. [88]; c©1999 OSA.)
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1.4 CW Nonlinear Effects
Wave propagation in a nonlinear, one-dimensional, periodic medium has been stud-
ied in several contexts [89]–[109]. In the case of a fiber grating, the presence of an
intensity-dependent term in Eq. (1.3.1) leads to SPM and XPM of counterpropagating
waves. These nonlinear effects can be included by solving the nonlinear coupled-mode
equations, Eqs. (1.3.11) and (1.3.12). In this section, these equations are used to study
the nonlinear effects for CW beams. The time-dependent effects are discussed in later
sections.

1.4.1 Nonlinear Dispersion Curves
In almost all cases of practical interest, the β2 term can be neglected in Eqs. (1.3.11)
and (1.3.12). For typical grating lengths (<1 m), the loss term can also be neglected
by setting α = 0. The nonlinear coupled-mode equations then take the following form:

i
∂A f

∂ z
+

i
vg

∂A f

∂ t
+δA f +κAb + γ(|A f |2 +2|Ab|2)A f = 0, (1.4.1)

−i
∂Ab

∂ z
+

i
vg

∂Ab

∂ t
+δAb +κA f + γ(|Ab|2 +2|A f |2)Ab = 0, (1.4.2)

where vg = 1/β1 and is the group velocity far from the stop band of the grating. These
equations exhibit many interesting nonlinear effects. We begin by considering the CW
solution of Eqs. (1.4.1) and (1.4.2) imposing no boundary conditions. Even though this
is unrealistic from a practical standpoint, the resulting dispersion curves provide con-
siderable physical insight. Note that all grating-induced dispersive effects are included
in these equations through the κ term.

To solve Eqs. (1.4.1) and (1.4.2) in the CW limit, we neglect the time-derivative
term and assume the following form for the solution:

A f = u f exp(iqz), Ab = ub exp(iqz), (1.4.3)

where u f and ub remain constant along the grating length. By introducing a parameter
f = ub/u f that describes how the total power P0 = u2

f + u2
b is divided between the

forward- and backward-propagating waves, u f and ub can be written as

u f =

√
P0

1+ f 2 , ub =

√
P0

1+ f 2 f . (1.4.4)

The parameter f can be positive or negative. For values of | f |> 1, the backward wave
dominates. By using Eqs. (1.4.1)–(1.4.4), q and δ are found to depend on f as

q =−κ(1− f 2)
2 f

− γP0

2
1− f 2

1+ f 2 , δ =−κ(1+ f 2)
2 f

− 3γP0

2
. (1.4.5)

To understand the physical meaning of Eq. (1.4.5), let us first consider the low-
power case so that nonlinear effects are negligible. If we set γ = 0 in Eq. (1.4.5),
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Figure 1.12: Nonlinear dispersion curves showing variation of δ with q for (a) γP0/κ = 2 and
(b) γP0/κ = 5, when κ = 5 cm−1. Dashed curves show the linear case (γ = 0).

it is easy to show that q2 = δ 2−κ2. This is precisely the dispersion relation (1.3.19)
obtained previously. As f changes, q and δ trace the dispersion curves shown in Figure
1.6. In fact, f < 0 on the upper branch while positive values of f belong to the lower
branch. The two edges of the stop band occur at f =±1. From a practical standpoint,
the detuning δ of the CW beam from the Bragg frequency determines the value of f ,
which in turn fixes the values of q from Eq. (1.4.5). The group velocity inside the
grating also depends on f and is given by

VG = vg
dδ

dq
= vg

(
1− f 2

1+ f 2

)
. (1.4.6)

As expected, VG becomes zero at the edges of the stop band corresponding to f =±1.
Note that VG becomes negative for | f | > 1. This is not surprising if we note that the
backward-propagating wave is more intense in that case. The speed of light is reduced
considerably as the CW-beam frequency approaches an edge of the stop band. As an
example, it reduces by 50% when f 2 equals 1/3 or 3.

Equation (1.4.5) can be used to find how the dispersion curves are affected by the
fiber nonlinearity. Figure 1.12 shows such curves at two power levels. The nonlinear
effects change the upper branch of the dispersion curve qualitatively, leading to the
formation a loop beyond a critical power level. This critical value of P0 can be found
by looking for the value of f at which q becomes zero while | f | 6= 1. From Eq. (1.4.5),
we find that this can occur when

f ≡ fc =−(γP0/2κ)+
√

(γP0/2κ)2−1. (1.4.7)

Therefore, a loop is formed only on the upper branch, where f < 0. Moreover, it can
form only when the total power P0 > Pc, where Pc = 2κ/γ . Physically, an increase in
the mode index through the nonlinear term in Eq. (1.3.1) increases the Bragg wave-
length and shifts the stop band toward lower frequencies. Since the amount of shift
depends on the total power P0, light at a frequency close to the edge of the upper
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branch can be shifted out of resonance with changes in its power. If the nonlinear pa-
rameter γ were negative (self-defocusing medium with n2 < 0), the loop will form on
the lower branch in Figure 1.12, as is also evident from Eq. (1.4.7).

1.4.2 Optical Bistability
The simple CW solution given in Eq. (1.4.3) is modified considerably when boundary
conditions are introduced at the two grating ends. For a finite-size grating, the simplest
manifestation of the nonlinear effects occurs through optical bistability, first predicted
in 1979 [89].

Consider a CW beam incident at one end of the grating and ask how the fiber non-
linearity would affect its transmission through the grating. It is clear that both the
beam intensity and its wavelength with respect to the stop band plays an important
role. Mathematically, we should solve Eqs. (1.4.1) and (1.4.2) after imposing the ap-
propriate boundary conditions at z = 0 and z = L. These equations are similar to those
found in Section 6.3 of Ref. [2] and can be solved in terms of the elliptic functions by
using the same technique used there [89]. Using A j =

√
Pj exp(iφ j) and separating the

real and imaginary parts, Eqs. (1.4.1) and (1.4.2) lead to the following three equations:

dPf

dz
= 2κ

√
Pf Pb sinψ, (1.4.8)

dPb

dz
= 2κ

√
Pf Pb sinψ, (1.4.9)

dψ

dz
= 2δ +3γ(Pf +Pb)+

Pf +Pb

(Pf Pb)1/2 κ cosψ, (1.4.10)

where ψ represents the phase difference φ f −φb.
It turns out that the preceding equations have the following two constants of mo-

tion [104]:

Pf (z)−Pb(z) = Pt ,
√

Pf Pb cosψ +(2δ +3γPb)Pf /(2κ) = Γ0, (1.4.11)

where Pt is the transmitted power and Γ0 is a constant. Using them, we can derive a
differential equation for Pf that can be solved in terms of the elliptic functions. The
use of the boundary condition Pb(0) = 0 then allows us to obtain an implicit relation
for the transmitted power Pt at z = L as a function of the incident power Pi for a grating
of finite length L. The reader should consult Ref. [101] for further details.

Figure 1.13 shows the transmitted versus incident power, both normalized to a crit-
ical power Pcr = 4/(3γL), for several values of detuning within the stop band by taking
κL = 2. The S-shaped curves are well known in the context of optical bistability oc-
curring when a nonlinear medium is placed inside a cavity [110]. In fact, the middle
branch of these curves with negative slope is unstable, and the transmitted power ex-
hibits hysteresis, as indicated by the arrows on the solid curve. At low powers, trans-
mittivity is small, as expected from the linear theory since the nonlinear effects are
relatively weak. However, above a certain input power, most of the incident power is
transmitted. Switching from a low-to-high transmission state can be understood qual-
itatively by noting that the effective detuning δ in Eqs. (1.4.1) and (1.4.2) becomes
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Figure 1.13: Transmitted versus incident powers for three values of detuning within the stop
band. (From Ref. [89]; c©1979 AIP.)

power dependent because of the nonlinear contribution to the refractive index in Eq.
(1.3.1). Thus, light that is mostly reflected at low powers, because its wavelength is
inside the stop band, may tune itself out of the stop band and get transmitted when the
nonlinear index change becomes large enough.

The observation of optical bistability in fiber gratings is hampered by the large
switching power required (P0 > Pcr > 1 kW). It turns out that the switching power can
be reduced by a factor of 100 or more by introducing a π/2 phase shift in the middle of
the fiber grating. Such gratings are called λ/4-shifted or phase-shifted gratings since a
distance of λ/4 (half grating period) corresponds to a π/2 phase shift. They are used
routinely for making DFB semiconductor lasers [84]. Their use for fiber gratings was
suggested in 1994 [111]. The π/2 phase shift opens a narrow transmission window
within the stop band of the grating. Figure 1.14(a) compares the transmission spectra
for the uniform and phase-shifted gratings at low powers. At high powers, the central
peak bends to the left, as seen in the traces in Figure 1.14(b). This bending leads
to low-threshold optical switching in phase-shifted fiber gratings [104]. The elliptic-
function solution of uniform gratings can be used to construct the multivalued solution
for a λ/4-shifted grating [105]. The presence of a phase-shifted region lowers the
switching power considerably.

The bistable switching does not always lead to a constant output power when a
CW beam is transmitted through a grating. As early as 1982, numerical solutions of
Eqs. (1.4.1) and (1.4.2) showed that transmitted power can become not only periodic
but also chaotic under certain conditions [90]. In physical terms, portions of the upper
branch in Figure 1.13 become unstable under certain conditions. As a result, the output
becomes periodic or chaotic once the beam intensity exceeds the switching threshold.
This behavior has been observed experimentally and is discussed in Section 1.6. In the
following section, we turn to another instability that occurs even when the CW beam
is tuned outside the stop band and does not exhibit optical bistability.
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Figure 1.14: (a) Transmission spectrum of a fiber grating with (solid curve) and without (dashed
curve) a π/2 phase shift. (b) Bending of the central transmission peak with increasing input
power normalized to the critical power. (From Ref. [104]; c©1995 OSA.)

1.5 Modulation Instability
The stability issue is of paramount importance and must be addressed for the CW
solutions obtained in the previous section. Similar to the situation discussed in Section
5.1 of Ref. [2], modulation instability can destabilize the steady-state solution and
produce periodic output, even when a CW beam is incident on one end of the fiber
grating [112]–[118]. Moreover, the repetition rate of pulse trains generated through
modulation instability can be tuned over a large range because of large GVD changes
occurring with the detuning δ .

1.5.1 Linear Stability Analysis
For simplicity, we discuss modulation instability using the CW solution given in Eqs.
(1.4.3) and (1.4.4) and obtained without imposing the boundary conditions at the grat-
ing ends. Following the usual approach [2], we perturb the steady state slightly as

A f = (u f +a f )eiqz, Ab = (ub +ab)eiqz, (1.5.1)

and linearize Eqs. (1.4.1) and (1.4.2), assuming that the perturbations a f and ab are
small. The resulting equations are [117]

i
∂a f

∂ z
+

i
vg

∂a f

∂ t
+κab−κ f a f +Γ[(a f +a∗f )+2 f (ab +a∗b)] = 0, (1.5.2)

−i
∂ab

∂ z
+

i
vg

∂ab

∂ t
+κa f −

κ

f
ab +Γ[2 f (a f +a∗f )+ f 2(ab +a∗b)] = 0, (1.5.3)

where Γ = γP0/(1+ f 2) is an effective nonlinear parameter.
The preceding set of two linear coupled equations can be solved by assuming a

plane-wave solution of the form

a j = c j exp[i(Kz−Ωt)]+d j exp[−i(Kz+Ωt)], (1.5.4)
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Figure 1.15: Gain spectra of modulation instability in the (a) anomalous- and (b) normal-GVD
regions of a fiber grating ( f =±0.5) at two power levels corresponding to Γ/κ = 0.5 and 2.

where the subscript j = f or b. From Eqs. (1.5.2)–(1.5.4), we obtain a set of four
homogeneous equations satisfied by c j and d j. This set has a nontrivial solution only
when the 4×4 determinant formed by the coefficients matrix vanishes. This condition
leads to the the following fourth-order polynomial:

(s2−K2)2 − 2κ
2(s2−K2)−κ

2 f 2(s+K)2

− κ
2 f−2(s−K)2−4κΓ f (s2−3K2) = 0, (1.5.5)

where we have introduced a spatial frequency as s = Ω/vg.
The four roots of the polynomial in Eq. (1.5.5) determine the stability of the CW

solution. However, a tricky issue must be resolved first. Equation (1.5.5) is a fourth-
order polynomial in both s and K. The question is, which one determines the gain
associated with modulation instability? In the case of the uniform-index fibers dis-
cussed in Section 5.1 of Ref. [2], the gain g is related to the imaginary part of K as
light propagates only in the forward direction. In a fiber grating, light travels both for-
ward and backward simultaneously, and it is time that moves forward for both of them.
As a result, Eq. (1.5.5) should be viewed as a fourth-order polynomial in s whose roots
depend on K. The gain of modulation instability is obtained using g = 2Im(sm), where
sm is the root with the largest imaginary part.

The root analysis of the polynomial in Eq. (1.5.5) leads to several interesting con-
clusions [117]. Figure 1.15 shows the gain spectra of modulation instability in the
anomalous- and normal-GVD regions, corresponding to upper and lower branches of
the dispersion curves, for two values of Γ/κ . In the anomalous-GVD case and at rela-
tively low powers (Γ < κ), the gain spectrum is similar to that found for uniform-index
fibers. As shown later in this section, the nonlinear coupled-mode equations reduce to
a nonlinear Schrödinger (NLS) equation when Γ� κ . At high values of P0 such that
Γ > κ , the gain exists even at s = 0, as seen in Figure 1.15(a) for Γ/κ = 2. Thus,
the CW solution becomes unstable at high power levels even to zero-frequency (dc)
fluctuations.
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Modulation instability can occur even on the lower branch of the dispersion curve
( f > 0), where grating-induced GVD is normal. The instability occurs only when P0
exceeds a certain value such that

P0 > 1
2 κ(1+ f 2)2 f p, (1.5.6)

where p = 1 if f ≤ 1 but p =−3 when f > 1. The occurrence of modulation instability
in the normal-GVD region is solely a grating-induced feature.

The preceding analysis completely ignores boundary conditions. For a finite-length
grating, one should examine the stability of the CW solution obtained in terms of the
elliptic functions. Such a study is complicated and requires a numerical solution to the
nonlinear coupled-mode equations [113]. The results show that portions of the upper
branch of the bistability curves in Figure 1.13 can become unstable, resulting in the
formation of a pulse train through modulation instability. The resulting pulse train is
not necessarily periodic and, under certain conditions, can exhibit period doubling and
optical chaos.

1.5.2 Effective NLS Equation
The similarity of the gain spectrum in Figure 1.15 with that occurring in uniform-index
fibers indicates that, at not-too-high power levels, the nonlinear coupled-mode equa-
tions predict features that coincide with those found for the NLS equation. Indeed,
under certain conditions, Eqs. (1.4.3) and (1.4.4) can be reduced formally to an effec-
tive NLS equation [119]–[123]. A multiple-scale method is commonly used to prove
this equivalence; details can be found in Ref. [101].

The analysis used to reduce the nonlinear coupled-mode equations to an effective
NLS equation makes use of the Bloch formalism, well known in solid-state physics.
Even in the absence of nonlinear effects, the eigenfunctions associated with the pho-
tonic bands, corresponding to the dispersion relation q2 = δ 2−κ2, are not A f and Ab
but the Bloch waves formed by a linear combination of A f and Ab. If this basis is used
for the nonlinear problem, Eqs. (1.4.3) and (1.4.4) reduce to an effective NLS equation,
provided two conditions are met. First, the peak intensity of the pulse is small enough
that the nonlinear index change n2I0 in Eq. (1.3.1) is much smaller than the maximum
value of δng. This condition is equivalent to requiring that γP0 � κ or κLNL � 1,
where LNL = (γP0)−1 is the nonlinear length. This requirement is easy to satisfy in
practice, even at peak intensity levels as high as 100 GW/cm2. Second, the third-order
dispersion β

g
3 induced by the grating should be negligible.

When the preceding two conditions are satisfied, pulse propagation in a fiber grat-
ing is governed by the following NLS equation [117]:

i
vg

∂U
∂ t
− (1− v2)3/2

sgn( f )2κ

∂ 2U
∂ζ 2 +

1
2
(3− v2)γ|U |2U, (1.5.7)

where ζ = z−VGt. We have introduced a speed-reduction factor related to the param-
eter f through Eq. (1.4.6) as

v =
VG

vg
=

1− f 2

1+ f 2 =±
√

1−κ2/δ 2. (1.5.8)



1.5. Modulation Instability 27

The group velocity decreases by the factor v close to an edge of the stop band and
vanishes at the two edges (v = 0) corresponding to f =±1. The reason the first term is
a time derivative, rather than the z derivative, was discussed earlier. It can also be un-
derstood from a physical standpoint if we note that the variable U does not correspond
to the amplitude of the forward- or backward-propagating wave but represents the am-
plitude of the envelope associated with the Bloch wave formed by a superposition of
A f and Ab.

Equation (1.5.7) has been written for the case in which the contribution of A f
dominates (| f | < 1) so that the entire Bloch-wave envelope is propagating forward at
the reduced group velocity VG. With this in mind, we introduce z = VGt as the distance
traveled by the envelope and account for changes in its shape through a local time
variable defined as T = t− z/VG. Equation (1.5.8) can then be written in the following
standard form of the NLS equation [2]:

i
∂U
∂ z
−

β
g
2

2
∂ 2U
∂T 2 + γg|U |2U = 0, (1.5.9)

where the effective GVD parameter β
g
2 and the nonlinear parameter γg are defined as

β
g
2 =

(1− v2)3/2

sgn( f )v2
gκv3 , γg =

(
3− v2

2v

)
γ. (1.5.10)

Using Eq. (1.5.8), the GVD parameter β
g
2 can be shown to be the same as in Eq.

(1.3.26).
Several features of Eq. (1.5.9) are noteworthy when this equation is compared with

the standard NLS equation. First, the variable U represents the amplitude of the enve-
lope associated with the Bloch wave formed by a superposition of A f and Ab. Second,
the parameters β

g
2 and γg are not constants but depend on the speed-reduction factor v.

Both increase as v decreases and become infinite at the edges of the stop band, where
v = 0. Clearly, Eq. (1.5.9) is not valid at that point. However, it remains valid close to
but outside of the stop band. Far from the stop band (v→ 1), β

g
2 becomes quite small

(<1 ps2/km for typical values of κ). One should then include fiber GVD and replace
β

g
2 by β2. Noting that γg = γ when v = 1, Eq. (1.5.9) reduces to the standard NLS

equation, and U corresponds to the forward-wave amplitude since no backward wave
is generated under such conditions.

Before we can use Eq. (1.5.9) for predicting the modulation-instability gain and
the frequency at which the gain peaks, we need to know the total power P0 inside the
grating when a CW beam with power Pin is incident at the input end of the grating
located at z = 0. This is a complicated issue for apodized fiber gratings, because κ

is not constant in the transition or buffer zone. However, observing that the nonlinear
coupled-mode equations require |A2

f |− |A2
b| to remain constant along the grating, one

finds that the total power P0 inside the grating is enhanced by a factor 1/v [124]. The
predictions of Eq. (1.5.9) are in agreement with the modulation-instability analysis
based on the nonlinear coupled-mode equations as long as γP0 � κ [117]. The NLS
equation provides a shortcut to understanding the temporal dynamics in gratings within
its regime of validity.
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Figure 1.16: Transmitted pulse shape when 100-ps pulses with a peak intensity of 25 GW/cm2

are propagated through a 6-cm-long fiber grating. (From Ref. [124]; c©1998 Elsevier.)

1.5.3 Experimental Results

Modulation instability implies that an intense CW beam may get converted into a pulse
train if has passed through a fiber grating. The experimental observation of this phe-
nomenon is difficult when a CW beam is used because the required input power is too
large to be realistic. For this reason, experiments often use short optical pulses whose
width is chosen to be much larger than the modulation period. In a 1996 experiment,
100-ps pulses—obtained from a Q-switched, mode-locked Nd:YLF laser operating
close to 1.053 µm—were used, and it was found that each pulse was transformed into
two shorter pulses at the grating output [116]. The grating was only 3.5-cm long in
this experiment and did not allow substantial growth of modulation instability.

In a 1998 experiment, a 6-cm-long fiber grating was used with a value of κ =
12 cm−1 [124]. Figure 1.16 shows transmitted pulse shapes when 100-ps pulses were
propagated through this grating. The peak intensity of the input Gaussian pulse is
25 GW/cm2. Its central frequency is tuned close to but outside the stop band such that
the grating provides anomalous GVD (upper branch of the dispersion curve). At lower
power levels, the pulse is compressed because of the combination of GVD and SPM
that leads to soliton-effect compression (discussed in Chapter 6). At the 25 GW/cm2

power level, the transmitted pulse exhibits a multipeak structure that can be inter-
preted as a pulse train generated through modulation instability. This interpretation
is supported by the observation that the repetition rate (spacing between two neigh-
boring pulses) changes with the laser wavelength (equivalent to changing the detuning
parameter δ ), as expected from the theory of modulation instability.

1.6 Nonlinear Pulse Propagation
It is well known that modulation instability often indicates the possibility of soliton
formation [2]. In the case of Bragg gratings, it is closely related to a new kind of
solitons referred to as Bragg solitons or grating solitons. Such solitons were first
discovered in 1987 in the context of periodic structures known as superlattices [92]
and were called gap solitons, since they existed only inside the stop band. Later, a
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much larger class of Bragg solitons was identified by solving Eqs. (1.4.1) and (1.4.2)
analytically [125]–[127].

The advent of fiber gratings during the 1990s provided an incentive for studying
propagation of short optical pulses in such gratings [128]–[142]. The peak intensities
required to observe the nonlinear effects are quite high (typically >10 GW/cm2) for
Bragg gratings made in silica fibers because of a short interaction length (typically
<10 cm) and a low value of the nonlinear parameter n2. The use of chalcogenide glass
fibers for making gratings can reduce required peak intensities by a factor of 100 or
more because of the high values of n2 in such glasses [143].

1.6.1 Bragg Solitons
It was noted in 1989 that the coupled-mode equations, Eqs. (1.4.1) and (1.4.2), be-
come identical to the well-known massive Thirring model [144] if the SPM term is
set to zero. The massive Thirring model of quantum field theory is known to be in-
tegrable by the inverse scattering method [145]–[147]. When the SPM term is in-
cluded, the coupled-mode equations become nonintegrable, and solitons do not ex-
ist in a strict mathematical sense. However, shape-preserving solitary waves can be
obtained through a suitable transformation of the soliton supported by the massive
Thirring model. These solitary waves correspond to the following solution [126]:

A f (z, t) = a+sech(ζ − iψ/2)eiθ , (1.6.1)

Ab(z, t) = a−sech(ζ + iψ/2)eiθ , (1.6.2)

where

a± =±
(

1± v
1∓ v

)1/4
√

κ(1− v2)
γ(3− v2)

sinψ, ζ =
z−VGt√

1− v2
κ sinψ, (1.6.3)

θ =
v(z−VGt)√

1− v2
κ cosψ− 4v

3− v2 tan−1[|cot(ψ/2)|coth(ζ )]. (1.6.4)

This solution represents a two-parameter family of Bragg solitons. The parame-
ter v lies in the range −1 < v < 1 and the parameter ψ can be chosen anywhere in
the range 0 < ψ < π . The specific case ψ = π/2 corresponds to the center of the stop
band [125]. Physically, Bragg solitons represent specific combinations of counterprop-
agating waves that pair in such a way that they move at the same but reduced speed
(VG = vvg). Since v can be negative, the soliton can move forward or backward. The
soliton width Ts is also related to the parameters v and ψ and is given by

Ts =
√

1− v2/(κVG sinψ). (1.6.5)

One can understand the reduced speed of a Bragg soliton by noting that the coun-
terpropagating waves form a single entity that moves at a common speed. The relative
amplitudes of the two waves participating in soliton formation determine the soliton
speed. If A f dominates, the soliton moves in the forward direction but at a reduced
speed. The opposite happens when Ab is larger. In the case of equal amplitudes, the
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soliton does not move at all since VG becomes zero. This case corresponds to the sta-
tionary gap solitons predicted in the context of superlattices [92]. In the opposite limit,
in which |v| → 1, Bragg solitons cease to exist since the grating becomes ineffective.

Another family of solitary waves was obtained in 1993 by searching for the shape-
preserving solutions of the nonlinear coupled-mode equations [127]. Such solitary
waves exist both inside and outside the stop band. They reduce to the Bragg solitons
described by Eqs. (1.6.2)–(1.6.4) in some specific limits. On the lower branch of the
dispersion curve where the GVD is normal, solitary waves represent dark solitons,
similar to those found for constant-index fibers [2].

1.6.2 Relation to NLS Solitons

As discussed earlier, the nonlinear coupled-mode equations reduce to the NLS equa-
tion when γP0 � κ , where P0 is the peak power of the pulse propagating inside the
grating. Since the NLS equation is integrable by the inverse scattering method, the
fundamental and higher-order solitons found with this method [2] should also exist for
a fiber grating. The question then becomes how they are related to the Bragg soliton
described by Eqs. (1.6.1) and (1.6.2).

To answer this question, we write the NLS equation (1.5.9) using soliton units in
its standard form

i
∂u
∂ξ

+
1
2

∂ 2u
∂τ2 + |u|2u = 0, (1.6.6)

where ξ = z/LD, τ = T/T0, u =
√

γgLD, and LD = T 2
0 /|β g

2 | is the dispersion length.
The fundamental soliton of this equation, in its most general form, is given by (see
Section 5.2 of Ref. [2])

u(ξ ,τ) = ηsech[η(τ− τs + εξ )]exp[i(η2− ε
2)ξ/2− iετ + iφs], (1.6.7)

where η , ε , τs, and φs are four arbitrary parameters representing amplitude, frequency,
position, and phase of the soliton, respectively. The soliton width is related inversely
to the amplitude as Ts = T0/η . The physical origin of such solitons is the same as that
for conventional solitons except that the GVD is provided by the grating rather than by
material dispersion.

At first sight, Eq. (1.6.7) looks quite different than the Bragg soliton described by
Eqs. (1.6.2)–(1.6.4). However, one should remember that u represents the amplitude
of the Bloch wave formed by superimposing A f and Ab. If the total optical field is
considered and the low-power limit (γP0 � κ) is taken, the Bragg soliton indeed re-
duces to the fundamental NLS soliton [101]. The massive Thirring model also allows
for higher-order solitons [148]. One would expect them to be related to higher-order
NLS solitons in the appropriate limit. It has been shown that any solution of the NLS
equation (1.5.9) can be used to construct an approximate solution of the coupled-mode
equations [123].

The observation that Bragg solitons are governed by an effective NLS equation in
the limit κLNL � 1, where LNL is the nonlinear length, allows us to use the concept
of soliton order N and the soliton period z0 developed in Chapter 5 of Ref. [2]. These



1.6. Nonlinear Pulse Propagation 31

parameters are defined as

N2 =
LD

LNL
≡

γgP0T 2
0

|β g
2 |

, z0 =
π

2
LD ≡

π

2
T 2

0
|β g

2 |
. (1.6.8)

We need to interpret the meaning of the soliton peak power P0 carefully since the NLS
soliton represents the amplitude of the Bloch wave formed by a combination of A f and
Ab. This aspect is discussed later in this section.

An interesting issue is related to the collision of Bragg solitons. Since Bragg soli-
tons described by Eqs. (1.6.1) and (1.6.2) are only solitary waves (because of the nonin-
tegrablity of the underlying nonlinear coupled-mode equations), they may not survive
collisions. On the other hand, the NLS solitons are guaranteed to remain unaffected
by their mutual collisions. Numerical simulations based on Eqs. (1.4.1) and (1.4.2)
show that Bragg solitons indeed exhibit features reminiscent of a NLS soliton in the
low-power limit γP0� κ [136]. More specifically, two Bragg solitons attract or repel
each other depending on their relative phase. The new feature is that the relative phase
depends on the initial separation between the two solitons.

1.6.3 Formation of Bragg Solitons
Formation of Bragg solitons in fiber gratings was first observed in a 1996 experi-
ment [128]. Since then, more careful experiments have been performed, and many
features of Bragg solitons have been extracted. While comparing the experimental re-
sults with the coupled-mode theory, one needs to implement the boundary conditions
properly. For example, the peak power P0 of the Bragg soliton formed inside the grat-
ing when a pulse is launched is not the same as the input peak power Pin. The reason
can be understood by noting that the group velocity of the pulse changes as the in-
put pulse crosses the front end of the grating located at z = 0. As a result, pulse length
given by vgT0 just outside the grating changes to VGT0 on crossing the interface located
at z = 0 [80], and the pulse peak power is enhanced by the ratio vg/VG. Mathemati-
cally, one can use the coupled-mode equations to show that P0 = |A2

f |+ |A2
b| = Pin/v,

where v = VG/vg is the speed-reduction factor introduced earlier. The argument be-
comes more complicated for apodized fiber gratings, used often in practice, because κ

is not constant in the transition region [133]. However, the same power enhancement
occurs at the end of the transition region.

From a practical standpoint, one needs to know the amount of peak power Pin
required to excite the fundamental Bragg soliton. The soliton period z0 is another
important parameter relevant for soliton formation since it sets the length scale over
which optical solitons evolve. We can use Eq. (1.6.8) with N = 1 to estimate both of
them. Using the expressions for β

g
2 and γg from Eq. (1.5.10), the input peak power and

the soliton period are given by

Pin =
2(1− v2)3/2

v(3− v2)v2
gT 2

0 κγ
, z0 =

πv3v2
gT 2

0 κ

2(1− v2)3/2 , (1.6.9)

where T0 is related to the FWHM as TFWHM ≈ 1.76T0. Both Pin and z0 depend through
v on detuning of the laser wavelength from the edge of the stop band located at δ = κ .
As v→ 0 near the edge, Pin becomes infinitely large while z0 tends toward zero.
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Figure 1.17: Output pulse shapes for different δ when 80-ps pulses with a peak intensity of
11 GW/cm2 are propagated through a 7.5-cm-long fiber grating. Values of δ from left to right
are 3612, 1406, 1053, 935, 847, 788, and 729 m−1. (From Ref. [88]; c©1999 OSA.)

In a 1999 experiment, Bragg solitons were formed inside a 7.5-cm-long apodized
fiber grating by launching 80-ps pulses, obtained from a Q-switched, mode-locked
Nd:YLF laser operating at 1053 nm [88]. Figure 1.17 shows pulse shapes observed at
the output end of the grating when input pulses with a peak intensity of 11 GW/cm2

were used. The coupling coefficient κ was estimated to be 7 cm−1 for this grating.
The detuning parameter δ was varied in the range of 7 to 36 cm−1 on the blue side of
the stop band (anomalous GVD). The arrival time of the pulse depends on δ because
of a decrease in its group velocity occurring as δ is tuned closer to the stop-band edge.
This delay occurs even when nonlinear effects are negligible as shown in Figure 1.11,
which was obtained under identical operating conditions, but at a much lower value of
the peak intensity.

At the high peak intensities used for Figure 1.17, SPM in combination with the
grating-induced anomalous GVD leads to formation of Bragg solitons. However, since
both β

g
2 and γg depend on the detuning parameter δ through v, a Bragg soliton can form

only in a limited range of δ . With this in mind, we can understand the pulse shapes
seen in Figure 1.17. Detuning is so large and β

g
2 is so small for the leftmost trace that

the pulse acquires some chirping through SPM but its shape remains nearly unchanged.
This feature can also be understood from Eq. (1.6.9), where the soliton period becomes
so long as v→ 1 that nothing much happens to the pulse over a few-cm-long grating.
As δ is reduced, the pulse narrows down considerably. A reduction in pulse width
by a factor of 3 occurs for δ = 1053 m−1 in Figure 1.17. This pulse narrowing is an
indication that a Bragg soliton is beginning to form. However, the soliton period is still
much longer than the grating length. In other words, the grating is not long enough to
observe the final steady-state shape of the Bragg soliton. Finally, as the edge of the
stop band is approached and δ becomes comparable to κ (rightmost solid trace), the
GVD becomes so large that the pulse cannot form a soliton and becomes broader than
the input pulse. This behavior is also deduced from Eq. (1.6.8), which shows that both
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Figure 1.18: Measured pulse widths (circles) as a function of detuning for 80-ps input pulses
with a peak intensity of (a) 3 GW/cm2 and (b) 6 GW/cm2. Predictions of the coupled-mode the-
ory (solid line) and the effective NLS equation (dashed line) are shown for comparison. (From
Ref. [88]; c©1999 OSA.)

N and z0 tend toward zero as β
g
2 tends toward infinity. A Bragg soliton can form only

if N > 1
2 . Since the dispersion length becomes smaller than the grating length close to

the stop-band edge, pulse can experience considerable broadening. This is precisely
what is observed for the smallest value of δ in Figure 1.17 (solid curve).

A similar behavior was observed over a large range of pulse energies, with some
evidence of the second-order soliton for input peak intensities in excess of 20 GW/cm2

[88]. A careful comparison of the experimental data with the theory based on the
nonlinear coupled-mode equations and the effective NLS equation showed that the
NLS equation provides an accurate description within its regime of validity. Figure
1.18 compares the measured values of the pulse width with the two theoretical models
for peak intensities of 3 and 6 GW/cm2. The NLS equation is valid as long as κLNL�
1. Using κ = 7 cm−1, we estimate that the peak intensity can be as high as 50 GW/cm2

for the NLS equation to remain valid. This is also what was found in Ref. [88].
Gap solitons that form within the stop band of a fiber grating have not been ob-

served because of a practical difficulty: A Bragg grating reflects light whose wave-
length falls inside the stop band. Stimulated Raman scattering may provide a solution
to this problem, since a pump pulse, launched at a wavelength far from the stop band,
can excite a “Raman gap soliton” that is trapped within the grating and propagates
much more slowly than the pump pulse itself [138]. The energy of such a gap soliton
leaks slowly from the grating ends, but it can survive for durations greater than 10 ns
even though it is excited by pump pulses of duration 100 ps or so.

1.6.4 Nonlinear Switching
As discussed in Section 1.4.2, a fiber grating can exhibit bistable switching even when
a CW beam is incident on it. However, optical pulses should be used in practice be-
cause of the high intensities required for observing SPM-induced nonlinear switching.
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Figure 1.19: (a) Transmittivity as a function of input peak power showing nonlinear switching;
(b) output pulse shapes at several peak power levels. (From Ref. [134]; c©1998 OSA.)

Even then, one needs peak-intensity values in excess of 10 GW/cm2. For this reason,
bistable switching was first observed during the 1980s using DFB semiconductor am-
plifiers for which large carrier-induced nonlinearities reduce the switching threshold to
power levels below 1 mW [149]–[151]. Nonlinear switching in a passive grating was
observed in a 1992 experiment using a semiconductor waveguide grating [98]. The
nonlinear response of such gratings is not governed by the Kerr-type nonlinearity seen
in Eq. (1.3.1) because of the presence of free carriers (electrons and holes) whose finite
lifetime limits the nonlinear response time.

Nonlinear switching in a fiber Bragg grating was observed in 1998 in the 1.55-µm
wavelength region useful for fiber-optic communications [132]. An 8-cm-long grating,
with its Bragg wavelength centered near 1536 nm, was used in the experiment. It had
a peak reflectivity of 98% and its stop band was only 4 GHz wide. The 3-ns input
pulses were obtained by amplifying the output of a pulsed DFB semiconductor laser
to power levels as high as 100 kW. Their shape was highly asymmetric because of
gain saturation occurring inside the amplifier chain. The laser wavelength was inside
the stop band on the short-wavelength side but was set very close to the edge (offset of
about 7 pm or 0.9 GHz).

Figure 1.19(a) shows a sharp rise in the transmittivity from a few percent to 40%
when the peak power of input pulses increases beyond 2 kW. Physically, the nonlinear
increase in the refractive index at high powers shifts the Bragg wavelength far enough
that the pulse finds itself outside the stop band and switches to the upper branch of the
bistability curves seen in Figure 1.13. The pulse shapes seen in Figure 1.19(b) show
what happens to the transmitted pulse. The initial spike near t = 0 in these traces is due
to a sharp leading edge of the asymmetric input pulse and should be ignored. Multiple
pulses form at the grating output, whose number depends on the input power level. At
a power level of 3 kW, a single pulse is seen but the number increases to five at a power
level of 8 kW. The pulse width is smallest (about 100 ps) near the leading edge of the
pulse train but increases substantially for pulses near the trailing edge.
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Figure 1.20: Transmitted pulse shapes in the on (solid curves) and off (dashed curves) states
when 50-ps (a) Gaussian and (b) square input pulses (dotted curves) are transmitted through a
fiber grating with κL = 4. (From Ref. [139]; c©2003 IEEE.)

Several conclusions can be drawn from these results. First, the upper bistabil-
ity branch in Figure 1.13 is not stable and converts the quasi-CW signal into a pulse
train [90]. Second, each pulse evolves toward a constant width. Pulses near the lead-
ing edge have had enough propagation time within the grating to stabilize their widths.
These pulses can be thought of as a gap soliton since they are formed even though the
input signal is inside the photonic bandgap and would be completely reflected in the
absence of the nonlinear effects. Third, pulses near the trailing edge are wider simply
because the fiber grating is not long enough for them to evolve completely toward a
gap soliton. This interpretation was supported by a later experiment in which the grat-
ing length was increased to 20 cm [137]. Six gap solitons were found to form in this
grating at a peak power level of 1.8 W. The observed data were in agreement with
theory based on the nonlinear coupled-mode equations.

In a 2003 study, numerical simulations were used to characterize the nonlinear
switching characteristics of a wide variety of pulses of different widths and shape
through uniform as well as phase-shifted fiber gratings [139]. The bistable behavior,
similar to that seen in Figure 1.13 for CW beams, is realized only for pulses wider
than 10 ns. The use of phase-shifted gratings reduces the switching threshold, but
the on-off contrast is generally better for uniform gratings. For short pulses (width
<1 ns), launched such that most of their spectrum lies inside the stop band of the grat-
ing initially, almost the entire input energy is transmitted in the form of a compressed
optical pulse, once the peak-power level is large enough to switch the pulse to the “on”
branch. Moreover, the shape of output pulse depends strongly on the rise and fall times
associated with the pulses tails. Figure 1.20 shows the transmitted pulse shapes in the
on (solid curves) and off (dashed curves) states when 50-ps Gaussian or square input
pulses (dotted curves) are transmitted through a fiber grating with κL = 4. Although
nonlinear switching occurs in both cases, the pulse quality is better in the case of Gaus-
sian pulses. In particular, a grating can be used to compress short optical pulses. In a
2005 experiment, 580-ps pulses with 1.4-kW peak power could be compressed down
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Figure 1.21: (a) Measured (solid) and calculated (dashed) transmittivity of the 2-cm-long phase-
shifted fiber grating. (b) Pump and probe intensity profiles showing XPM-induced nonlinear
switching. (From Ref. [154]; c©2000 IEEE.)

to 45 ps by launching them into a 10-cm-long apodized fiber grating [141].
The nonlinear switching seen in Figure 1.19 is sometimes called SPM-induced or

self-induced switching, since the pulse changes the refractive index to switch itself
to the high-transmission state. Clearly, another signal at a different wavelength can
also induce switching of the pulse by changing the refractive index through XPM,
resulting in XPM-induced switching. This phenomenon was first observed in 1990
as an increase in the transmittivity of a 514-nm signal caused by a 1064-nm pump
beam [96]. The increase in transmission was less than 10% in this experiment.

It was suggested later that XPM could be used to form a “push broom” such that
a weak CW beam (or a broad pulse) would be swept by a strong pump pulse and its
energy piled up at the front end of the pump pulse [152]. The basic idea behind the
optical push broom is quite simple. If the wavelength of the pump pulse is far from
the stop band while that of the probe is close to but outside the stop band (on the
lower branch of the dispersion curve), the pump travels faster than the probe. In the
region where the pump and probe overlap, the XPM-induced chirp changes the probe
frequency such that it moves with the leading edge of the pump pulse. As the pump
pulse travels further, it sweeps more and more of the probe energy and piles it up at
its leading edge. In effect, the pump acts like a push broom. At the grating output,
a significant portion of the probe energy appears at the same time as the pump pulse
in the form of a sharp spike because of the XPM-induced increase in the probe speed.
Such a push-broom effect has been seen in a 1997 experiment [153].

In a 2000 experiment, a phase-shifted fiber grating was used to realize XPM-
induced nonlinear switching at relatively low power levels [154]. In this pump–probe
experiment, a 1550-nm CW laser was tuned precisely to the center of the stop band
associated with the 2-cm-long grating so that it was fully transmitted by the narrow
transmission peak seen in Figure 1.21(a). When a pump pulse (width ∼10 ns) from
a Nd:YAG laser operating at 1064 nm was launched with the probe, the probe power
dropped considerably over the temporal window of the pulse, as seen in Figure 1.21(b).
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This switching is due to the XPM-induced shift of the probe spectrum. Even a rela-
tively small shift moves the probe outside the narrow transmission peak, resulting in
a drop in its transmissivity through the grating. The switching could be observed at a
relatively low power level of 730 W because of the use of a phase-shifted fiber grating.

1.6.5 Effects of Birefringence
As discussed in Chapter 6 of Ref. [2], fiber birefringence plays an important role and
affects the nonlinear phenomena considerably. Its effects should be included if Bragg
gratings are made inside the core of polarization-maintaining fibers. The coupled-
mode theory can be easily extended to account for fiber birefringence [155]–[158].
However, the problem becomes quite complicated, since one needs to solve a set of
four coupled equations describing the evolution of two orthogonally polarized com-
ponents, each containing both the forward- and backward-propagating waves. This
complexity, however, leads to a rich class of nonlinear phenomena with practical ap-
plications such as optical logic gates.

From a physical viewpoint, the two orthogonally polarized components have slightly
different mode indices. Since the Bragg wavelength depends on the mode index, the
stop bands of the two modes have the same widths but are shifted by a small amount
with respect to each other. As a result, even though both polarization components have
the same wavelength (or frequency), one of them may fall inside the stop band while
the other remains outside it. Moreover, as the two stop bands shift due to nonlinear in-
dex changes, the shift can be different for the two orthogonally polarized components
because of the combination of the XPM and birefringence effects. It is this feature that
leads to a variety of interesting nonlinear effects.

In the case of CW beams, the set of four coupled equations was solved numerically
in 1994 and several birefringence-related nonlinear effects were identified [156]. One
such effect is related to the onset of polarization instability discussed in Section 6.3
of Ref. [2]. The critical power at which this instability occurs is reduced considerably
in the presence of a Bragg grating [159]. Nonlinear birefringence also affects Bragg
solitons. In the NLS limit (γP0� κ), the four equations reduce a pair of coupled NLS
equations. In the case of low-birefringence fibers, the two polarization components
have nearly the same group velocity, and the coupled NLS equations take the following
form [155]:
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where ∆β ≡ β0x−β0y is related to the beat length LB as ∆β = 2π/LB. These equations
support a vector soliton with equal amplitudes, such that the peak power required for
each component is only

√
3/5 of that required when only one component is present.

Such a vector soliton is referred to as the coupled-gap soliton [155].
The coupled-gap soliton can be used for making an all-optical AND gate. The x and

y polarized components of the input light represent bits for the gate, each bit taking a
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Figure 1.22: (a) Grating transmissivity as a function of input peak power showing the operation
of the AND gate and (b) output pulse shapes at a peak power level of 3 kW, when only one
polarization component (dashed line) or both polarization components (solid line) are incident
at the input end. (From Ref. [134]; c©1998 OSA.)

value of 0 or 1 depending on whether the corresponding signal is absent or present.
The AND gate requires that a pulse appears at the output only when both components
are present simultaneously. This can be achieved by tuning both polarization com-
ponents inside the stop band but close to the upper branch of the dispersion curve.
Their combined intensity can increase the refractive index (through a combination of
SPM and XPM) enough that both components are transmitted. However, if one of
the components is absent at the input (0 bit), the XPM contribution vanishes and both
components are reflected by the grating. This occurs simply because the coupled gap
soliton forms at a lower peak power level than the Bragg soliton associated with each
individual component [155].

An all-optical AND gate was realized in a 1998 experiment in which a switching
contrast of 17 dB was obtained at a peak power level of 2.5 kW [131]. Figure 1.22
shows the fraction of total pulse energy transmitted (a) as a function of input peak
power and the transmitted pulse shapes (b) at a peak power of 3 kW. When only one
polarization component is incident at the input end, little energy is transmitted by the
grating. However, when both polarization components are launched, each having the
same peak power, an intense pulse is seen at the output end of the grating, in agreement
with the prediction of the coupled NLS equations.

The XPM-induced coupling can be advantageous even when the two polarization
components have different wavelengths. For example, it can be used to switch the
transmission of a CW probe from low to high by using an orthogonally polarized short
pump pulse at a wavelength far from the stop band associated with the probe [160].
In contrast with the self-induced bistable switching discussed earlier, XPM-induced
bistable switching can occur for a CW probe too weak to switch itself. Furthermore,
the short pump pulse switches the probe beam permanently to the high-transmission
state.
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1.7 Related Periodic Structures
This chapter has so far focused on uniform Bragg gratings (except for apodization) that
are designed to couple the forward- and backward-propagating waves inside an optical
fiber. Many variations of this simple structure exist. In this section, we consider several
other kinds of gratings and discuss the nonlinear effects occurring when intense light
propagates through them.

1.7.1 Long-Period Gratings
Long-period gratings are designed to couple the fundamental fiber mode to a higher-
order copropagating mode [161]–[167]. In the case of a single-mode fiber, the higher-
order mode propagates inside the cladding and is called a cladding mode. The grating
period required for coupling the two copropagating modes can be calculated from Eq.
(1.1.2) and is given by Λ = λ/∆n, where ∆n is the difference in the refractive indices of
the two modes coupled by the grating. Since ∆n∼ 0.01 typically, Λ is much larger than
the optical wavelength. For this reason, such gratings are called long-period gratings.

The coupled-mode theory of Section 1.3 can be used for long-period gratings. In
fact, the resulting equations are similar to Eqs. (1.3.11) and (1.3.12) and can be written
as [163]
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where A1 and A2 represent the slowly varying amplitudes of the two copropagating
modes coupled by the grating. A comparison of these equations with Eqs. (1.3.11)
and (1.3.12) reveals several important differences. First, the two z derivatives have
the same sign, since both waves travel in the forward direction. Second, the group
velocities and the GVD parameters can be different for the two modes, because of
their different mode indices. Third, the SPM parameters γ j and the XPM parameters
c j are also generally different for j = 1 and 2. The reason is related to different spatial
profiles for the two modes, resulting in different overlap factors.

In the case of low-power CW beams, both the nonlinear and the GVD effects can
be neglected in Eqs. (1.7.1) and (1.7.2) by setting γ j = 0 and β2 = 0 ( j = 1,2). These
equations then reduce to Eqs. (1.3.13) and (1.3.14), with the only difference being
that both z derivatives have the same sign. They can be solved readily and exhibit
features similar to those discussed in Section 1.3.2. When a single beam excites the
A1 mode at the fiber input, its transmission depends on its detuning δ from the Bragg
wavelength and becomes quite small within the stop band centered at δ = 0. The
reason is easily understood by noting that the grating transfers power to the A2 mode
as light propagates inside the grating.

The nonlinear effects such as SPM and XPM can affect the amount of power
transferred by changing the refractive index and shifting the Bragg wavelength to-
ward longer wavelengths. As a result, a long-period grating should exhibit nonlinear



40 Chapter 1. Fiber Gratings

Figure 1.23: Transmitted power as a function of input peak power for (a) δ = 0 and (b)
−1.5 cm−1. Experimental data (solid circles) are compared with coupled-mode theory (open
circles). Dashed lines shows the behavior expected in the absence of nonlinear effects. (From
Ref. [163]; c©1997 IEEE.)

switching. Moreover, the switching intensity is expected to be lower by a factor of
n̄/∆n∼ 100 compared with that required for short-period Bragg gratings. Figure 1.23
shows nonlinear changes in the transmitted power as a function of input peak intensity
when 70-ps Gaussian pulses are transmitted through a 5-cm-long grating and com-
pares the experimental data with the prediction of coupled-mode theory. Dashed lines
show the linear increase in transmission expected in the absence of nonlinear effects.
For δ = 0 [Figure 1.23(a)], the input wavelength coincides with the Bragg wavelength,
and little transmission occurs in the linear case. However, at intensity levels beyond
5 GW/cm2, the nonlinear effects shift the Bragg wavelength enough that a significant
part of the incident power is transmitted through the grating. When the input wave-
length is detuned by about 5.2 nm from the Bragg wavelength (δ = −1.5 cm−1), the
transmitted power decreases at high peak intensities, as seen in Figure 1.23(b).

Considerable pulse shaping was observed in the preceding experiment because of
the use of short optical pulses. This feature can be used to advantage to compress and
reshape an optical pulse. Nonlinear effects in long-period fiber gratings are likely to
remain important and find practical applications.

1.7.2 Nonuniform Bragg Gratings

Both the linear and nonlinear properties of a Bragg grating can be considerably modi-
fied by introducing nonuniformities along its length [105]. Examples of such nonuni-
form gratings include chirped gratings, phase-shifted gratings, and superstructure grat-
ings. The refractive index in such gratings still has the general form of Eq. (1.3.1), but
its periodic part δng(z) is modified to become

δng(z) = δn1(z)cos[2πz/Λ(z)+φ(z)], (1.7.3)
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Figure 1.24: (a) Variations of refractive index in a chirped fiber grating. (b) Short and long
wavelength components of a pulse are reflected at different locations within the grating because
of variations in the Bragg wavelength.

where δn1, φ , Λ, or a combination of them depends on z. If δn1 varies with z, the
coupling coefficient κ becomes z dependent (as in an apodized grating). In a chirped
grating, the grating period Λ varies along the grating length as shown in Figure 1.24.
In a phase-shifted grating, the phase φ is changed abruptly by π/2 in the middle of an
otherwise uniform grating. It was seen in Section 1.4.2 that the use of a phase-shifted
grating can reduce the switching power by a factor of 100 or more. In this section, we
focus on chirped and other nonuniform gratings.

In a chirped grating, the index-modulation period n̄Λ changes along the fiber length.
Since the Bragg wavelength (λB = 2n̄Λ) sets the frequency at which the stop band is
centered, axial variations of n̄ or Λ translate into a shift of the stop band along the grat-
ing length. Mathematically, the parameter δ appearing in the nonlinear coupled-mode
equations becomes z dependent. Typically, Λ is designed to vary linearly along the
grating, resulting in δ (z) = δ0 +δcz, where δc is a chirp parameter. Such gratings are
called linearly chirped gratings.

Chirped fiber gratings can be fabricated using several methods [48]. It is important
to note that it is the optical period n̄Λ that needs to be varied along the grating length
(z axis). Thus, chirping can be induced either by varying the physical grating period
Λ or by changing the effective mode index n̄ along z. In the commonly used dual-
beam holographic technique, the fringe spacing of the interference pattern is made
nonuniform by using dissimilar curvatures for the interfering wavefronts, resulting
in Λ variations. In practice, cylindrical lenses are used in one or both arms of the
interferometer. Chirped fiber gratings can also be fabricated by tilting or stretching
the fiber, by using strain or temperature gradients, or by stitching together multiple
uniform sections.

Chirped Bragg gratings have several important practical applications. As shown
in Figure 1.24, when a pulse, with its spectrum inside the stop band, is incident on a
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Figure 1.25: Temporal signal [(a) and (b)] and its spectrum [(c) and (d)] at the input [(a) and
(c)] and output [(b) and (d)] end of a fiber grating designed with a linearly decreasing κ . (From
Ref. [172]; c©1998 OSA.)

chirped grating, different spectral components of the pulse are reflected by different
parts of the grating. As a result, even though the entire pulse is eventually reflected,
it experiences a large amount of GVD, whose nature (normal versus anomalous) and
magnitude can be controlled by the chirp. For this reason, chirped gratings are com-
monly used for dispersion compensation [87] and pulse compression [168]–[170]. The
latter topic is discussed in Chapter 6. Chirped gratings also exhibit interesting non-
linear effects when the incident pulse is sufficiently intense. In one experiment, 80-
ps pulses were propagated through a 6-cm-long grating whose linear chirp could be
varied over a considerable range through a temperature gradient established along its
length [171]. The reflected pulses were split into a pair of pulses by the combination
of SPM and XPM for peak intensities close to 10 GW/cm2.

When δn1 in Eq. (1.7.3) varies with z, the coupling coefficient κ becomes nonuni-
form along the grating length. In practice, variations in the intensity of the ultraviolet
laser beam used to make the grating translate into axial variations of κ . From a physi-
cal standpoint, since the width of the photonic bandgap is about 2κ , changes in κ result
into changes in the width of the stop band along the grating length. At a fixed wave-
length of input light, such local variations in κ lead to axial variations of the group
velocity VG and the GVD parameter β

g
2 , as seen from Eqs. (1.3.25) and (1.3.26), re-

spectively. In effect, the dispersion provided by the grating becomes nonuniform and
varies along its length. Such gratings can have a number of applications. For exam-
ple, they can be used to generate pulse trains at high repetition rates by launching the
output of two CW lasers with closely spaced wavelengths.

Figure 1.25 shows the numerical results obtained by solving Eqs. (1.4.1) and (1.4.2)
with κ(z) = κ0(1−κ1z) for the case in which laser frequencies are 40 GHz apart [172].
The grating is assumed to be 70 cm long with parameters κ0 = 70 cm−1 and δ =
160 cm−1. The parameter κ1 is chosen such that the index changes seen at the begin-
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Figure 1.26: transmittivity of a CW signal as a function of its input intensity (normalized) for
two values δL=0 or 2.5 when κL varies linearly over the grating length. (From Ref. [105];
c©1995 IEEE.)

ning of the grating are reduced by a factor of 5 at the end of the grating. The pulse
compression can be understood by noting that the nonlinear effects (SPM and XPM)
chirp the pulse and broaden its spectrum, and the GVD compresses the chirped pulse.
It can also be thought of in terms of a four-wave mixing process, phase-matched by
the nonlinearity, which generates multiple sidebands at the grating output, as seen in
Figure 1.25.

The nonlinear switching characteristics of nonuniform gratings were first studied
in 1995 using a transfer-matrix method [105]. A different technique was employed
in a 2004 study, yielding the same results [173]. As an example, Figure 1.26 shows
the transmittivity of a CW signal as a function of its input power [normalized to Pc =
(γL)−1] for two values of detuning such that δL = 0 or 2.5. The coupling coefficient
of the grating is tapered linearly such that κ(z) = κ[1 + ∆κ(z/L− 1

2 )]. In general,
tapering of κ modifies the bistable characteristics and affects the power level at which
the CW beam switches back and forth between the on and off states.

In another class of gratings, the grating parameters κ and δ are designed to vary
periodically along the length of a grating. Such devices have double periodicity and
are called sampled or superstructure gratings. They were first used in the context of
DFB semiconductor lasers [174]. Fiber-based sampled gratings were made in 1994
[175]. Since then, their properties have attracted considerable attention [176]–[184].
A simple example of a superstructure grating is provided by a long grating in which
constant phase-shift regions occur at periodic intervals. In practice, such a structure
can be realized by placing multiple gratings next to each other with a small constant
spacing between them or by blocking small regions during fabrication of a grating
such that κ = 0 in the blocked regions. In a phase-sampled grating [182]–[184], the
magnitude of κ remains fixed but its phase varies periodically along the grating. In
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(a) (b)

Figure 1.27: (a) Dispersion curves and (b) reflectivity spectrum for a 2.5-mm superstructure
grating with d = 1 mm. (From Ref. [178]; c©1996 OSA.)

all cases, κ(z) becomes a periodic function of z. It is this periodicity that modifies
the stop band of a uniform grating. The period d of κ(z) is typically ∼1 mm. If the
average index n̄ also changes with the same period d, both δ and κ become periodic
in the nonlinear coupled-mode equations.

The most striking feature of a superstructure grating is the appearance of additional
photonic bandgaps on both branches of the dispersion curve seen in Figure 1.6 for a
uniform grating. These bandgaps are referred to as Rowland ghost gaps [185]. Figure
1.27 shows the band structure of a 2.5-mm-long superstructure grating with d = 1 mm
together with the measured reflectivity spectrum. The Rowland ghost gaps labeled I
and III occur on the opposite sides of the stop band and lead to two additional reflec-
tivity peaks. Dispersive properties near these gaps are similar to those expected near
the edges of the stop band II. As a result, nonlinear effects are quite similar. In partic-
ular, Bragg solitons can form on the branch where GVD is anomalous [176]. Indirect
evidence of such solitons was seen in an experiment in which a 100-ps pulse was com-
pressed to 38 ps within the 2.5-mm-long superstructure grating when it was tuned on
the high-frequency side of the Rowland ghost gap I [178]. The pulse appeared to be
evolving toward a Bragg soliton, which should form if the grating were long enough.
Other nonlinear effects, such as optical bistability, modulation instability, and optical
switching, should also occur near Rowland ghost gaps associated with a superstructure
grating. In an interesting application, a superstructure grating was used to increase the
repetition rate of a 3.4-ps pulse train from 10 to 40 GHz [181]. The grating was de-
signed to have a band structure such that it reflected every fourth spectral peak of the
input spectrum.

1.7.3 Transient and Dynmaic Fiber Gratings

The fiber gratings discussed so far are of permanent nature in the sense that the periodic
variations in the refractive index created during the manufacturing process may last
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indefinitely under normal operating conditions. In contrast, a dynamic or transient
grating is formed when the index changes are induced by pumping the fiber optically
and last only as long as the pump light remains incident on the fiber. Such fiber gratings
were first studied in 1992 and have remained an active topic of research since then
[186]–[192].

It is easy to see how a dynamic grating can be formed through optical pumping. If
a CW pump beam at the carrier frequency ωp is launched such that it propagates in the
both forward and backward directions, it will form a standing wave whose intensity
peaks periodically along the fiber length. The period of such a “fringe pattern” equals
Λp = π/βp = λp/(2n̄), where βp = n̄(ωp)ωp/c is the propagation constant, n̄(ωp)
is the effective mode index, and λp is the pump wavelength. If such variations in the
pump intensity change the material refractive index, a Bragg grating is formed. Indeed,
the grating-formation technique discussed in Section 1.2.1 employs this approach to
create permanent index changes.

If the fiber is doped with a rare-earth element such as erbium, the absorption or
gain associated with dopants can be saturated by two counterpropagating pump beams,
if their intensity is high enough to exceed the saturation intensity associated with
the atomic transition. Through the Kramers–Kronig relation, such saturation helps
to transfer periodic pump-intensity variations into period refractive-index variations
along the fiber length, thereby creating a transient grating. In a 1992 experiment, a
12-m-long erbium-doped fiber, acting as an amplifier, was employed for this purpose
[186]. The transient grating, created by launching <1 mW of pump power, exhibited
75% reflectivity. Such a grating, once created, affects the pump beams though a nonlin-
ear process known as two-wave mixing [187]. It can also be used for four-wave mixing
by launching a third beam whose wavelength is close enough to the pump wavelength
that it falls within the grating bandwidth.

In the case of an undoped silica fiber, the intensity-dependent term in Eq. (1.3.1),
whose magnitude is governed by the nonlinear parameter n2, can transfer the periodic
pump-intensity variations into refractive-index variations along the fiber length. The
required pump-intensity level exceeds 10 GW/cm2 even for a relatively weak grating
with index modulations∼10−5. In spite of this requirement, such a technique was used
in 2002 to realize modulation instability and to form gap solitons inside a dynamic fiber
grating [190].

The basic idea consists of simultaneously launching three beams at frequencies
ω0 −Ω, ω0, and ω0 + Ω inside a birefringent fiber, making this scheme similar to
that used for four-wave mixing. The two fields at frequencies ω0±Ω, copolarized
along a principal axis of the fiber, propagate in the same direction and are launched
with equal amplitudes, so that their combined intensity oscillates in the time domain
at the frequency 2Ω. These periodic variations are seen by the third field, polarized
orthogonal to the other two, because of an XPM-induced nonlinear coupling among
the three waves. As a result, its propagation along the fiber is governed by [190]

∂A
∂ z

+
iβ2

2
∂ 2A
∂ t2 = iγ|A|2A+2iκ cos(2Ωt)A, (1.7.4)

where κ = (4/3)γPg and Pg is the power launched into each of the two beams used
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Figure 1.28: Evolution of two pulses of different wavelengths inside a fiber (a) without a grating
(κ = 0) and (b) with a dynamic grating (κ = 0.018 m−1). Two pulses are trapped by the grating
and form a gap soliton. (From Ref. [190]; c©2002 OSA.)

to create the grating. Since periodic index variations occur in time, such a grating is
called dynamic grating.

Equation (1.7.4) can be solved by writing its solution in the form

A(z, t) = A0(z, t)+A1(z, t)ei(Kz−Ωt) +A2(z, t)ei(Kz+Ωt), (1.7.5)

where A1 and A2 satisfy the following coupled-mode equations, if we assume that the
amplitude of A0 is negligibly small [190]:

∂A1

∂ z
+Ωβ2

∂A1

∂ t
+

iβ2

2
∂ 2A1

∂ t2 = iκA2 + iγ(|A1|2 +2|A2|2)A1, (1.7.6)

∂A2

∂ z
−Ωβ2

∂A2

∂ t
+

iβ2

2
∂ 2A2

∂ t2 = iκA1 + iγ(|A2|2 +2|A1|2)Ab. (1.7.7)

These equations have a form similar to Eqs. (1.3.11) and (1.3.12) with the major dif-
ference being that both A1 and A2 propagate in the forward direction. In this sense,
they are closer to Eqs. (1.7.1) and (1.7.2), obtained earlier for long-period gratings.

Equations (1.7.6) and (1.7.7) exhibit all the features associated with traditional
Bragg gratings [190]. In particular, such a dynamic grating exhibits modulation in-
stability even in the normal-GVD regime of the fiber and supports Bragg solitons. If
the second-order dispersion is neglected, Eqs. (1.7.6) and (1.7.7) are found to have the
following solitary-wave solution:

A1(z, t) =
√

κ

3γ
sinψ sech

(
κ sinψ

Ωβ2
t− iψ

2

)
exp(−iκzcosψ), (1.7.8)

A2(z, t) = −
√

κ

3γ
sinψ sech

(
κ sinψ

Ωβ2
t +

iψ
2

)
exp(−iκzcosψ), (1.7.9)



Problems 47

where ψ can have any value in the range 0 ≤ ψ ≤ π . This free parameter determines
both the amplitude and width of a family of the Bragg solitons in Eqs. (1.7.8) and
(1.7.9). In fact, these solitons correspond to the gap solitons discussed earlier in Sec-
tion 1.6, because they are stationary in the local reference frame of a moving dynamic
grating.

Physically, each such gap soliton represents a superposition of two pulses of dif-
ferent frequencies (ω0±Ω) that travel at different speeds in the absence of the grating.
Indeed, numerical solutions of Eqs. (1.7.6) and (1.7.7) with κ = 0 show that the two
pulses separate rapidly [190]. Figure 1.28(a) shows this behavior for a 400-m-long
fiber using Ω/2π = 0.5 THz and ψ = π/2. When a dynamic grating is present, the
two pulses form a gap soliton that is trapped by the grating and appears stationary in
the frame of the input pulse. Figure 1.28(b) shows such trapping by changing κ from
0 to 0.018 m−1, while keeping all other parameters the same. A similar effect was pre-
dicted as early as 1989, and the resulting solitary waves were called resonance solitons
[193]. The trapping mechanism is similar to that discussed in Section 6.5 of Ref. [2]
in the context of vector solitons forming in a birefringent fiber.

Problems

1.1 Derive Eq. (1.1.1) from the phase-matching condition in Eq. (1.1.2).

1.2 Use Eq. (1.1.1) to find the grating period Λ for a fiber Bragg grating reflecting
light near 1.55 µm. Assume m = 1 and n̄ = 1.45.

1.3 Describe the mechanism through which absorption of ultraviolet light produces
changes in the refractive index of silica fibers.

1.4 Discuss the holographic and phase-mask techniques used to make fiber gratings.
Sketch the experimental setup in each case.

1.5 Derive the nonlinear coupled-mode equations, (1.3.11) and (1.3.12), for fiber
gratings starting from the Helmholtz equation (1.3.2).

1.6 What is meant by the stop band of a grating? Starting from the linear coupled-
mode equations, (1.3.13) and (1.3.14), find the dispersion relation and the width
of the stop band.

1.7 An optical pulse is transmitted through a fiber grating with its spectrum located
close to but outside the stop band. Its energy is small enough that nonlinear
effects are negligible. Derive an expression for the group velocity of the pulse.

1.8 For the previous problem, derive expressions for the second- and third-order
dispersion induced by the grating. You can neglect the material and waveguide
dispersion of silica fibers.

1.9 Derive an expression for the reflectivity of a fiber grating by solving the coupled-
mode equations, (1.3.13) and (1.3.14). Plot it as a function of δ/κ using κL = 3.

1.10 The coupling coefficient of an apodized grating of length L varies as κ(z) =
κ0 exp[−(4− 8z/L)2m]. Solve the linear coupled-mode equations, (1.3.13) and
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(1.3.14), numerically and plot the reflectivity spectrum for m = 1,2,3 as a func-
tion of δ/κ using κL = 3.

1.11 Solve the nonlinear coupled-mode equations, (1.4.1) and (1.4.2), assuming that
the powers of the forward- and backward-propagating waves are constant in time
and along the grating length. Find the relative power levels when δ/κ = 1.05
and γP0/κ = 2, where P0 is the total power.

1.12 Use the CW solution obtained in the previous problem to discuss how the stop
band of a fiber grating is affected at high power levels because of the nonlinear
effects.

1.13 Perturb the CW solution of Eqs. (1.4.1) and (1.4.2) and discuss the conditions
under which it may become unstable.

1.14 Develop a computer program for solving Eqs. (1.4.1) and (1.4.2) numerically
and use it to reproduce the results shown in Figure 1.18.
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